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Abstract

In this thesis, we are dealing with a model for mixtures of compressible fluids. We
consider a system of Navier—Stokes-like equations which are coupled in the elliptic
principal part as well as in the partial pressures.

The main assumption of this model is the principle of co-occupancy, i.e. at each
point of the space which is occupied by the mixture there are particles belonging
to each of the constituents. One defines for every component a density function, a
velocity field and other physical quantities. For isothermal flows considered here,
the basic balance laws as the conservation of mass and the balance of momentum
are stated separately for each of the components, and the coupling between these
equations takes place via shear force interactions, the pressure law and interaction
terms.

This thesis aims at contributing to the mathematical theory for this set of equations,
which is not very developed in more than one space dimension.

We address the following problems:

Firstly, we deal with a Stokes-like system with a linear pressure law in a bounded
domain ©Q C R3. We prove the existence of weak solutions, regularity properties of
the solutions and the strong convergence of approximate densities. These are the
first results for the Stokes problem for mixtures in bounded domains.

Secondly, we show the compactness of solutions to the steady mixture model taking
into account also the convective terms under the assumption of suitable estimates.

Finally, we present new methods for obtaining estimates:

On the one hand, we deal with the mixture model with convective terms in the

steady case with a pressure behaving like | p|V,% < v < 5. Under the assumption
that we have solutions to the momentum equation we prove new LP-estimates for

the terms p;|u”|? and the densities p;.

On the other hand, we prove a new exponential estimate for the densities in the case
of the Stokes problem with a pressure law behaving like |p|?, v > 2.
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Chapter 1

Introduction

Nature provides countless examples of mixtures — e.g. in astrophysics, biology or
geology. Most bodies are mixtures of two or more components, such as plasma or
mixtures of gases surrounding celestial bodies, blood and biological tissues, suspen-
sions, soil or porous rock penetrated by water and oil.

In this thesis, we consider mixtures of compressible fluids, where the expression
‘fluid’ can stand for a liquid or a gas.

There are various approaches to model the behavior of mixtures of fluids. In this
thesis we deal with a continuum mechanics model which is presented e.g. in the
book by Rajagopal and Tao ([RT95], cf. also [Raj96]). Its origins date back to the
pioneering works by Fick in 1855 ([Fic55]) and Darcy in 1856 ([Darb6]). A firm
mathematical footing, which marks the beginning of the modern phase of the theory
of mixtures, was provided by Truesdell in 1957 ([Tru57], cf. also [Tru84]). For a
summary of the historical development in modelling mixtures of fluids in continuum
mechanics see [AC76].

The basic assumption of this model is the principle of co-occupancy: At each point
of the space which is occupied by the mixture there are at any time simultaneously
particles belonging to each of the constituents.

This assumption is reasonable if the different components of the (real) mixture are
sufficiently well densly distributed throughout the whole mixture. Then, within the
context of an appropriate homogenization, each of the constituents can be viewed
as a single continuum of its own right.

As the mixture deforms, each of these continua moves relative to each other.

Since we regard each of the constituents as a continuum of its own right, we can
define for each of the components a density function, a velocity field, a partial stress
tensor and other physical quantities.
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The constituents obey the basic balance laws as the conservation of mass and the
balance of momentum. For isothermal flows considered in this thesis, these equations
are stated separately for each of the components. The coupling between the equations
takes place via shear force interactions, the pressure law and interaction terms,
which model for instance drag (in the equations for the balance of momentum) or
chemical reactions (in the mass balance equations). One can say that the shear forces
model the interactions inside one component, and the interaction terms model the
interactions between the different components, so to say on the boundary between
one constituent and another.

For reasons of lucidity, we ‘restrict” ourselves in this thesis to the case of two compo-
nents. From the point of view of mathematics, mixtures with N constituents, N > 2,
can be treated completely analogously.

Let p; be the density, u® = (ugi), ug), ugi))T the velocity field for the ith component
of the mixture, i = 1,2. We use the notation

T
P1 U(l) (u§1)7 ugl)v ui(’)l)>
= s u = =
P P2 u® ( @ (@) (2)>T

ul 7u2 ,U/3

Moreover, we denote by T, £ J@ the Cauchy stress tensor, the density of the
external forces and the momentum source (frequently also called interaction term)
for the ith constituent.

We consider mixtures of fluids at constant temperature and we do not take into
account chemical reactions.

Then the conservation of mass for the ith species reads
(pi), + div (piu'?) =0, (1.1)
and the balance of linear momentum for the ith component leads to
(piu(i))t + div (piu(i) ® u(i)) =divT®D + p, @O 4 JO (1.2)

Here and in the following, no summation convention over repeated indices is used
unless explicitely mentioned.

Newton’s third law of motion “For every action, there is an equal and opposite
reaction” implies that
J2 — _ 1)

For identifying the constitutive equations for the Cauchy stress tensor 7 and the
interaction terms J® we use the balance of the entropy for the whole mixture and



the second law of thermodynamics. With ; denoting the Helmholtz potential for
the ith component, it reads

2

2
S TO:vu® — g0 (@ —u®) =37 (g (), + pu® - V] 2 0. (13)

i=1 i=1

We assume that the energy-storage mechanism is the same for each species (up to
a constant positive factor), i.e.

wl - Cd}Q )
and for i = 1,2
%‘ = Ci\I/(Clpl + Cgpg) , Cp > 0. (14)

Now we insert (1.4) into (1.3) and use (1.1) to obtain from the last sum in (1.3)

2
- Z [pi (), + piu? - V]
i=1
2 .
= — Z [Pi (Ci‘I’(Cl,Ol + 0202)>t + Piu(z) : V(Ci‘l’(cml + CQPQ))}
i=1
2
= — Z [cipi\I/’(clpl + Cgpg)( — ¢y div (plu(l)) — ¢y div (pgu(Z)) )
i=1

+eipiu™ - (V(erpr) + V(eaps)) ¥'(crpr + 0202)]
2
- Z cipi(cip1 4 cop2) W' (c1p1 + cap2) div u®
=1

—V'(c1p1 + cop2) <0202V(0101) - Cl/)1v(02/32)) ' (U(Q) - U(l)) .
Setting
Pi(p) = cipi(cip1 + cap2) ¥ (c1p1 + capa) (1.5)
P; denoting the pressure for the ith species, we obtain finally from (1.3)

2

Z [T(i) + Pi(p)1d] : Vu® + [J(l) — W' (c1p1 + cap2) (c2p2V (cipr) — 01,01V(02p2))} :

i=1

(u® —uM) >0, (1.6)
where Id denotes the identity tensor. We set

o® = TO L P(p)ld,
G = JU =W (e1p1 + cap2) (c2paV(cipr) — c1piV(caps)) -
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Furthermore, we set
o = 2unD (uM) + 205D (u®) + Ny divul Id + N diva®1d,  (1.7)
u® — @) (u — O (1.8)

with constant viscosity coefficients ;. and A\;. D denotes the symmetric part of the
gradient, Dw = 1 (Vw + (Vw)T) for w: R* — R®. We require that for a certain
co >0

G = a (p17p27

2

Za(i) Vul > co|Vaul? ! (1.9)
i=1

We assume further that
a (p1, p2, uV —u(z)’) >0. (1.10)

Then the inequality (1.6) is automatically fulfilled.

This means that the system (1.1)—(1.2) with

TO = —P(p)ld+ @, (1.11)
JO = a oy, o, [u? — u®]) (u® — u®)
+W'(e1p1 + cap2) (c2p2V(c1p1) — c1p1V(cap2)) (1.12)

is thermo-mechanically consistent, in other words that the system fulfills the basic
energy estimates.

Indeed, if we consider the system (1.1)-(1.2) e.g. in a bounded domain Q C R3
imposing appropriate initial and boundary conditions and test (1.2) for i = 1 by u"
and (1.2) for i = 2 by u®, using integration by parts and the continuity equations
(1.1) for i = 1 and ¢ = 2, and sum over i, we obtain (at least formally) the following
inequality

1

d 2 d .
pr Q(clpl+62,02)\If(clp1+62p2)dx+;@ <§/Qpi|u(l)|2dx)

+CO/ |Vu|2 dx + / a(pljp% |u(1) _ u(2)|)|u(1) _ u(2)|2 dr
Q Q

2
< Z/Qpiu(") f9da (1.13)
i=1

IThis is equivalent in terms of the viscosities to

p11 > 0, 22 > 0,2p11 + A11 > 0, 2492 + A2 0
dpnipor — (a2 + M21)2 > 0,
4 (211 4+ A1) (2p22 + Aa2) — (2p12 + A2 + 2p901 + )\21)2 > 0



In this thesis, however, we consider an approximation of the above model by neglect-
ing the second part in (1.12). From the mathematical point of view we cannot expect
to obtain sufficient information in order to pass to the limit in the term containing
capaV(c1p1) — c1p1V(cops) because the densities fulfill only a first-order equation.
But it is also reasonable to neglect the term from the point of view of physics. First
of all, it is very difficult to identify the term experimentally. Moreover, numerical
simulations of flows in special geometries have shown that there is no significant
difference in the result if the second term in (1.12) is considered or not (cf. also

[Raj00)).
Thus, we consider instead of J® given by (1.12) only interaction terms of the form

76 — (—1)*a (/h,/)za D — u(Q)}) (u(2) _ u(l)) ) (1.14)

Unfortunately, with this choice of the interaction terms there is in general no energy
estimate available for the system (1.1)—(1.2).

By introducing the notation
Lit, = —pir A — (Nig, + par) V div,
the balance equations write as follows for i = 1, 2:

(pi)e + div (pu?) = 0, (1.15)

2
(i) + > Lygu® + div (piu® @ u®) = =V Pi(p) + pif? + 17, (1.16)
k=1

complemented by suitable initial and boundary conditions, where the operators L
are assumed to fulfill the ellipticity condition (1.9).

In this thesis, we consider interaction terms I of the form (1.14), where a > 0 is in
general chosen to be constant, or @ may sometimes depend — in a possibly nonlinear
way — on p.

The pressure is given by (1.5). Different choices of the function W lead to different
pressure laws. For instance the choice W(cyp; + caps) = log(c1p1 + c2p2) leads to the
pressure law

Pi(p) =cipi, ¢ >0.

We will deal with this case in Chapter 2.

Let us remark that in this case we have similar estimates for the approximated
model as for the full model. The only difference is that we have instead of the term

d

— [ (e1p1 + cap2) log(cipr + cops) d
at Jo
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in inequality (1.13) the sum

2. d
;%Ci/f;pibgpidl‘-

For stationary flows we obtain in this case the same inequality for both models.

In general, however, the pressure P;(p) depends on both p; and ps. We consider in
Chapter 3, 4 and 5 U of the form W(c1p; + cope) = (c1p1 + 02p2>’y_1, which leads to
the pressure law

Pi(p) = éipi (cip1 +cap2)’™" . &> 0.

There is a broad interest from engineers in studying and understanding mixture
models of type (1.15)—(1.16) since some numerical tests have shown good agree-
ment of the models with real experiments — e.g. for lubrication with emulsions (cf.
[ASCRS93], [WASRS93|, [WSR93], [CASRS93], [RT95]). Nevertheless, there is up to
now almost no mathematical theory in more than one space dimension due to math-
ematical difficulties. (Mixtures in one space dimension were treated e.g. in [Z1095]
and [KP78].)

First results for the mixture model in more than one space dimension were achieved
by Frehse, Goj, Malek. In [FGMO02] and [FGM04a] the existence of weak solutions
to a Stokes-like model for mixtures in the whole space R? is shown. The paper
[FGMO04b] treats the uniqueness of solutions to this model if the forces and inter-
action terms are zero. Concerning the Stokes-like system, there are up to now no
results available for bounded domains.

Frehse and Weigant deal with the quasi-stationary case in a bounded domain {2
with special boundary conditions (cf. [FW04]). In this case one has even Lipschitz-
continuous densities.

But there is still no existence result available for the general case of the mixture
model (1.15)—(1.16) with consideration of the convective terms.

Alternative models for mixtures use only one density function and one velocity field
for the whole mixture. In contrast to the model (1.15)—(1.16), the effects of mutual
interactions of the individual components cannot be captured by these models. With
respect to mathematical theory, there is a lot more known about these kinds of
models (cf. [NP95], [NPD97], [Des97], [Lio96]).

It is not astonishing that the mathematical theory for the model for mixtures of
compressible fluids (1.15)—(1.16) is not very developed since for the classical case of
the Navier-Stokes equations for one compressible fluid real progress was achieved
only in the last ten years. For the Navier-Stokes system in the isentropic case

pr +div(pu) = 0, (1.17)
(pu)y — pAu — A+ p)Vdivu +div(pu @ u) = —aVp? +pf (1.18)



for the density p: [0,T] x Q — R and the velocity field u: [0,7] x 2 — R3, Q C R3,
global existence of weak solutions for large data was first shown by P.-L. Lions in his
book [Li098], after announcements of the results in [Lio93a] and [Lio93b]. He proved
the existence of weak solutions in three dimensions under the constraint that v > %,
in which case the density belongs to the space L?. This result was improved by E.
Feireisl et al. in the papers [Fei01], [FNPO1], where the authors succeeded to obtain
the existence of weak solutions in the evolutionary case for v > % Now, E. Feireisl
proved even some results concerning the Navier-Stokes—Fourier system where also
temperature dependence is taken into account (cf. [Fei04]).

In the steady case, the existence of weak solutions to the three-dimensional system
is only known for

7>gifcurlf:0,and7>gifcur1f7£0,

see e.g. the articles by Novotny et al. ([Nov96], [Nov98|, [NN02]) or the monograph
by Novotny and Straskraba [NS04].

In this thesis we will make use of and adapt some of the techniques from the theory
of compressible flow as for instance the equation for the effective viscous flux, which
plays a key role in proving the compactness of approximate densities.

In addition to the difficulties occuring in the case of the Navier-Stokes equations
for compressible flow (in particular due to the nonlinearity of the pressure), we have
to deal with even more complexities in the case of mixtures due to aspects like the
coupling of the shear forces or the pressure law. In contrast to the one-component
case, there is in general no energy estimate available for the mixture model (1.15)—
(1.16), as mentioned above.

We want to illustrate this by comparing the system (1.15)—(1.16) to the Navier—
Stokes equations for isentropic compressible flow. In the one-component case, we
obtain an energy estimate by formally testing equation (1.18) (complemented with
suitable initial and boundary conditions) by u and using the continuity equation
(1.17) for the pressure term:

—a/Vp”’-ud:U = —afy/p'YIprLd:c
Q Q

- Y /pu-va_ldx
v—1Jq

ary . -1
= div(pu)p’™ " dx
v—1 /Q (pu)

- ¢ M. d
7_1/Q(P)t Z -
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We obtain

d (1 : a N
+,u/ |Vu|2dx+(/\+,u)/(divu)2dx§/pu-fdx.
Q Q Q

The lower-order term fQ pu- f dx can be treated by Holder’s inequality. If we impose
for instance f € L*(0,T; L%(Q;R‘g)), we obtain

[ e < ol 111, 2, < IVl pullo 1,2

When dealing with flows of mixtures described by (1.15)—(1.16) and considering e.g.
the typical pressure law

Pi(p) = épi (crpr + capa)’ ™"

we cannot expect that the term
Ci / pi (c1p1 + CQpQ)A’*l divu? dz

can be treated with the aid of the continuity equation (1.15) because the pressure
depends on both density functions p; and p, and we do not have the second part of
the interaction term J® at our disposal.

Therefore, in [FGM04a] the authors develop a different method for obtaining esti-
mates in the case of the Stokes problem, which uses the effective viscous flux. But
to current knowledge it seems that this method works only in the whole space R3.

Thus, we investigate in this thesis (in Chapter 2) a Stokes-like model where we can
get estimates directly from the equations such that we can treat also the case of a
bounded domain with standard no-slip and slip boundary conditions.

In this thesis we will deal with the following problems:

In Chapter 2, we treat a Stokes-like model with a linear pressure law in a bounded
domain, i.e. we consider a steady model where the quantities are independent of
time such that (p;); = 0 and (pu”), = 0 and neglect also the convective terms,
div(p;u® @ u) = 0. The Stokes-like problem is a good approximation of the full
system for strongly viscous fluids and in the case of small accelerations. We prove the
existence of weak solutions to this model, slight regularity properties of the solutions
and the strong convergence of the approximate densities. The results presented here
are the first ones for the Stokes-like system for mixtures in a bounded domain.



Moreover, they are the first results for the model for mixtures in a bounded domain
with standard no-slip or slip boundary conditions.

In the third chapter, we deal with the steady mixture model taking into account also
the convective terms. We prove the compactness of solutions to this model under the
assumption of suitable estimates. More precisely, we consider a sequence of solutions
to the equations fulfilling certain estimates and prove that the limit of this sequence
is a solution as well.

The compactness — or weak sequential stability — is considered to be the main
step in an existence proof. However, for our model it is not obvious how to obtain
approximate solutions which satisfy appropriate estimates.

In the last two chapters, we present new methods for proving estimates. The findings
presented here are regularity results, but not existence results.

The fourth chapter deals with LP-estimates for the mixture model with considera-
tion of the convective terms in the steady case. These estimates were developed in
[FGS04] for the case of the steady Navier-Stokes equations for compressible isen-
tropic flow and are adapted in this thesis to treat the equations describing mixtures
of compressible fluids.

In the chapter we consider a pressure law which behaves like |p|” with % < v <.
Under the assumption that we have solutions of the momentum equation fulfilling
suitable estimates, we prove that

‘ 67 69

pilu* € L7 () and p; € L ().
This kind of estimates is important for applying the technique introduced by Feireisl
([Fei01]) for proving the compactness of the densities. In the one-component case,
these findings are an improvement of known estimates for % <v< g

In the fifth chapter, we present a new exponential estimate for the densities in the
case of the Stokes problem with a pressure law P(p) ~ |p|7,y > 2. It is still open
to prove an L*>-estimate for the densities in the case of the Stokes-like system. The
estimates presented in Chapter 5 have to be seen as a step in this direction.

Notation

We use standard notation throughout this thesis.

For a,b € R? we denote the inner product by a-b = >>7_ a;b;, |a| = (a-a)/? denotes
the norm in R3, and analogously in R™ for different dimensions. The tensor product
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of a and b is written by

aq b1 a1b2 a1b3
a®@ b= a2b1 G,ng a2b3
a3b1 a3b2 a3b3

Moreover, for 3 x 3-matrices a, b € R3*3 we write a : b = Zijzl aijbij.

The open ball with radius R and center zq € R? is denoted by
Br(zo) = {z € R®|jz — 0| < R},

especially for zy = 0 we write Bg := Bgr(0).

For a function v: [0,7] x  — R we use the following standard notation for the
partial derivatives

=—\, k=1,2,3

akv axka y Sy Dy
ov
Ut—at'l}—a.

Vv denotes the vector of the first derivatives with respect to x,

3
Av = Z 8%@ is the Laplace operator.
j=1

For vector-valued functions w: [0, 7] x Q — R3 w = (wy, ws, w3)”, we understand
the symbols 0;, A etc. component-wise.

The divergence and the curl of w are denoted by

3 82’11]3 — 83w2
divw = E Jjw; and curlw = | Osw; — Oyws
7=1 81’11]2 - 82’(1]1

In this thesis, we deal with the usual Lebesgue spaces LP(£2),1 < p < oo, of equiv-
alence classes of functions v: 0 — R which are measurable and for which |v|? is
integrable, with the norm

1
p
||v||m=(/|v|pdx) . l<p<o,
Q

[v]| Lo = ess suplv(z)| .
z€Q

LP(Q;R3) is the space of functions w: Q — R? with components wy, wo, w3 belonging
to LP(Q), and analogously LP(€; R3*3).
Sometimes we just write L? instead of LP(2) or LP(;R?) etc.
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The Sobolev space W#?(Q),1 < p < oo,k € N, consists of all functions v € LP(£2)
which possess partial derivatives D® in the weak sense up to order k£ belonging in 2
to the Lebesgue class LP. The norm is given by

folhwes = | 32 [ Dol da

laf<k

B =

The space We?(Q) is the closure of C3°(€) with respect to the W*?-norm, where
C°(92) denotes the space of smooth functions with compact support in 2.

For p = 2 we will make use of the abbreviation H* := W*?2 and HY := Wé‘c’z.
For vector-valued functions we use the notation W*?(2;R3) and H*(Q;R3).

Very often we make use of a generic constant K, which attains, in general, different
values at different places.

For reasons of lucidity, if we extract a subsequence from a sequence, we denote the
subsequence as the original sequence in order to avoid double subscripts.

Concerning the equations, we will use the following notations for the external force
densities, the interaction terms and the pressure:

()= () o= (Bl ) e
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Chapter 2

On a Stokes-like system for
mixtures

In this chapter we consider a simplification of the steady mixture model in which we
neglect the convective terms in equation (1.16). In analogy to the one-component
case for incompressible fluids we call this model a Stokes-like system for miztures.

From the point of view of physics, the Stokes problem is a good approximation for
strongly viscous fluids or in the case of slow flows, where one can achieve by a proper
scaling a non-dimensional form that allows to neglect the convective term.

In our case, the motivation has to be seen indeed more mathematically. Since there
is no mathematical theory available for the mixture model in more than one space
dimension, it is, of course, proximate to start like in the classical case of incompress-
ible flow for single continuum with a Stokes-like problem when the full system seems
far beyond the scope of known mathematical methods.

In this chapter we investigate the Stokes-like model for mixtures in a bounded open
connected domain 2 C R?. We would like to emphasize that this thesis presents the
first results for the Stokes-like system for mixtures in a bounded domain.

We consider the following set of equations for the velocity fields u(V: Q — R3 and
the density functions p;: Q@ = R, p; > 0,71=1,2:

div (piu®) = 0 in Q, (2.1)
2
N Lygu® = —VP(p) +pifO+ 10 inQ (2.2)
k=1

with
Liy = —pi A — (Nig + ) V div .

13
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Furthermore,
/pid:p:M>O,Mgiven,SayM:1. (2.3)
Q

The operators L;, are assumed to fulfill the following ellipticity condition:

2
Z / Ligu®) - 0@ dz > Co/ [Vl dz . (2.4)
~ 0

i, k=1

The equations (2.1)—(2.3) are complemented with no-slip boundary conditions for
the velocities: A
u =0 on 99 . (2.5)

Remark: [t is also possible to treat the case of slip boundary conditions for the
velocities; the results from this chapter can be proved analogously for this type of
boundary conditions as well: Fori=1,2

u -7 =0 on 0Q (2.6)

plus natural boundary conditions. Here, 11 denotes the outer normal vector. The
natural boundary conditions arising from the use of test functions ¢ with ¢- =0
in the weak formulation of the momentum equation (2.2) are given by

P

TOq . £

ts’aQ:Ofors:l,Z, (2.7)

where (1',12) is a basis of the tangent space.
Since the Cauchy stress tensor in our case has the form

7O = —P(p)ld+ QpilD(u(l)) + QMZ'QD(U(Q)) + A\ diveuMId + N\ divu®Id,
we obtain from condition (2.7) using Idii -t = 0

(2/~Lz‘1D(U(1)) + 2,Lbz2D(u(2))) it =0 fors=12.

‘BQ

In components, this is written as
3
> 8 {ma (0 + 0) + pin (002 + 0u? ) el =0 (28)
k=1

for s =1,2, (%) being a basis of the tangent space.

Thus, we have with (2.6) and (2.8) also in the case of slip boundary conditions for
each of the velocity fields u®,i = 1,2, three conditions which are prescribed at the
boundary.

The pressure is assumed to be linear:

Pi(p) = cipi (2.9)
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with constants ¢; > 0,7 = 1,2. (As mentioned in the introduction, this pressure law
is obtained by choosing a logarithmic Helmholtz potential W.)

The interaction terms are given by
7O — 1) — a(p, pa, ‘u(l) — u(2)|) (u(2) — u(l)) 7
where we assume the factor a > 0 to be constant, i.e.
[V = (=1)*a (u® —uM) . (2.10)
Remark: It is also possible to treat interaction terms of the form
10 = (=1)"*a(p) (u® —u) (2.11)

with the factor a depending in a possibly nonlinear way on the densities p;, which
makes sense from the point of view of physics. We have to underline that the proof
in the first section of this chapter is not sufficient to show the existence of weak
solutions for the model with this kind of interaction term, but together with the third
section, where the compactness of approximate densities is shown, we obtain the
existence for this case as well.

The Stokes-like system was already treated in the papers [FGMO02], [FGMO04a] and
[FGMO04b] as existence of weak solutions and uniqueness in the case of zero forces
is concerned. In these articles the problem in the whole space R3 is considered with
the following conditions at infinity:

uD =0, p;— pio >0 as |z| — oo fori=1,2.

The pressure considered there is basically given by

v—1
P1 P2
Pi(p) = cipi < + —)
Plref P2,ref

with v > 1,¢; > 0,i = 1,2, and positive reference densities p1,ef, parer. (More
precisely, the pressure has to fulfill a monotonicity, a coerciveness and a growth
condition.)

In this case, the authors were able to obtain estimates for the densities in L?(R3) N
L*(R?) and for the velocity fields in H (R?; R?) and to prove the existence of weak
solutions. The way of estimating the densities in these articles (using the equation
for the effective viscous flux) does up to now not work in the case of a bounded
domain  C R? with standard no-slip or slip boundary conditions for the velocities.

Thus, in the case considered here we are fortunate that we can obtain estimates for
1 and p; in suitable spaces in a more direct way from the equations.
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Moreover, we want to remark that in [FGMO02] and [FGMO04b] the authors were only
able to deal with interaction terms with sublinear growth in (u® — u")), whereas
we are coping here with interaction terms which are linear in (u® — u™).

In this chapter, we prove the following results for the Stokes-like system in a bounded
domain Q C R3 with a linear pressure law:

e existence of weak solutions,

e estimates for p; and Vu® in L for all 1 < p < oo,

e compactness of the densities, i.e. strong convergence of approximate densities
to a solution of the equations under consideration.

2.1 Existence of weak solutions

In this section, we prove the existence of weak solutions to the system (2.1)-(2.3),

(2.5).

By a weak solution of the system (2.1)-(2.3), (2.5) we mean a pair (p,u),p
(p1,p2)" u = (DT @) such that p; € L*(Q), u) € HJ(R?),p; > 0,i =1,

fulfilling for ¢ = 1,2
Q

for all ¢ € H'(Q) : /pl-u(i) V(dx =0,
Q

2,

and

and for all functions ¢ € Hy(Q;R?) :

Z <,uzk/ Vul) . Vods + (Nik + fir) / div u® divgodx) =¢ / p; div p dx
Q Q Q

2
k=1
+/pif<f>~godx+/l<i>-<pd:c.
Q Q

Remark: In the case of boundary conditions of type u® - i 0q = 0 complemented
with natural boundary conditions, the test functions for the momentum equation have

to be chosen as ¢ € H'(Q;R*) N (¢ - 7i|,, = 0).

The following theorem contains the main assertion which we will prove in this sec-
tion.
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Theorem 2.1 Let Q C R? be a Lipschitz domain. Let f € L®°(Q;R3),i =1, 2.
There exists a weak solution (p,u), p = (p1, p2)*,u = (uMT u@)T of the system
(2.1)-(2.3), (2.5) with Ly satisfying the ellipticity condition (2.4), the pressure P
being of the form (2.9) and the interaction terms of the form (2.10).

The solution fulfills

pi € LA(Q),u'Y € HY(Q;R?), p; >0 fori=1,2. (2.12)

In order to prove this theorem, we construct solutions of the following system of
approximative equations in 2

—a AP 4 div (P Tull) | ) aplo 4 ag|pio | peo e — ﬁ [(2.13)
2
> Laul),, = =V 4 R fO 4 10 (2.14)
k=1
W wolog =0, Voo i, =0, (2.15)

for ag,a,0 > 0 and s large (at least s > 3) and perform the limit process first for
ap — 0 and then for a,o — 0. Here, I) 0o = (—=1)i*a <u&20),a,g — u&lo)@,g) and |Q

denotes the measure of the domain ).

The viscosity approximation of the continuity equation is a standard approach in the
theory of compressible flow (compare e.g. [FNPO01], [NS04]). Adding the parabolic
term —oAp” ™ in equation (2.1) assures that one can deal with Vp;**? for fixed
o > 0. The additional terms with higher powers of pf®? ensure the existence
of solutions on the approximate level because they guarantee coerciveness of the
equations. The term ap{”™? together with & ensures that [, p; dz = 1 holds in the

L ‘ €2
limit.
Remark: Instead of (2.13) we could use the equation

_O.Ap;l(),a,o + div (<pqo,a,a>+u(i) ) + Oépao,a,o + Oéo|pqo,a,o‘sflpzqo,a,o — i : (216)

) ap,q,0 7 7 ‘ 0 ‘

where v = max(v,0) denotes the positive part of the function v.

After having established the existence of solutions to the system (2.16), (2.14),
(2.15), we can test by the negative part (p;*?)” = min(p;*?,0) in (2.16). As

a result, one obtains
0,q,0

(p;

Then we can omit the ()" and have solutions to

)" =0, ie po*" >0.

)

—UAp?O’a’o + div (plqo,aﬂu(z) ) + &paoﬂ,o + &O‘pqo,a,qsflp?o,m(f _

ag,q,0 [ ) ‘ 0 ‘
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with p;>*7 > 0.

We use a different approach to show the nonnegativity of the densities, using a dual
problem.

We prove the existence of weak solutions to the approximate system (2.13)—(2.15)
and show that the solutions fulfill certain estimates, which allow to pass to the limit
in the equations.

Since the equations (2.1)—(2.2) are linear with respect to the density, weak conver-
gence of the approximate densities in L” is sufficient to pass to the limit in the
equations. Thus, it is sufficient to obtain estimates for the approximate densities in
LP spaces.

A weak solution of the equations (2.13)-(2.15) is a pair (p** %7, Uy a0) POV =
(P17, 95" )T, g = (Ul Uoian) s such that p* 7 € L*1(Q) N HY(Q),
ugg ae € HJ(Q;R3), pf*7 > 0,1 = 1,2, satisfying (2.15) in the sense of traces and
fulfilling for ¢ = 1, 2:

for all functions ¢ € H'(Q) N L¥™(Q) :

/vpao’“ V(dr — /p%“ O o VCd:c—l—a/ Pl da

+a0/ |pao,a05 1 ao,aagdl,_ /Cdl’
[

and for all functions ¢ € Hy(Q;R?) :

2
> (u@-k / VUl oot Viodz + (i, + piax) /
k=1

div uao ao dive dx)
Q

:cl-/ ao"“’dlvgodx—l—/ p§ro? F@ goda:—i—/[éo)ag odr.
0 0

Remark: For slip boundary conditions u® ﬁ‘ oo = 0 plus natural boundary condi-
tions we have to choose in the second equation the test space H'(; R?’)ﬂ((p . ﬁ‘aﬂ = 0).

We want to prove the following

Lemma 2.1 There exist weak solutions (p®©™7, Unyao) Of (2.13)-(2.15), pi@™7 €
HY(Q) N LHHQ), p2o > 0,ul) 0o € HYLR3), i =1, 2.
The solutions fulfill the following estimates, which are independent of ag,  and o:

%2 < Ky tagaellmy < K- (2.17)
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Proof:

The proof is organized as follows: In the first step, we prove the existence of weak
solutions to the approximative system.

Secondly, we show that the approximate densities are nonnegative.

Finally, in the third step, we derive estimates for the solutions which do not depend
on the approximation parameters ag, a and o.

For simplicity of notation we write in the following proof p and u instead of p®>*“
and Ugg,a,0-

Step 1: Existence of weak solutions (p, u)

We test (2.14) by u® and obtain for i = 1,2

2
/ Z Liu® -0 dz = —ci/
Q

u - Vp; da + / pif® - u® da + / 19 @ dg .
— Q Q

Q

The interaction terms give the following contribution:

Fori=1": / a (u(2) — u(l)) cuWdy = — / a (u(l) - u(2)) D dz
Q Q

fori=2: / a (u(l) — U(Q)) cu® dr
Q

The sum over i equals

The integral coming from the pressure term gives

’—ci/u(i) -Vp; dx
Q

cl-/divu(")pi dx

Q
< €/|Vu(i)\2dx+K/\pi\2dx.
Q Q

Therewith, we obtain after summing over 7 from 1 to 2, using the ellipticity condition
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(2.4) and the fact that f@ € L>(; R?)

co/ \Vu|2dx+/a‘u(1)—u(2)‘2 dx
Q Q
§/|,0||f||u|d:v+5/|Vu|2dx+K/|p|2d:E+K
Q Q Q
< Kullzslipoll s +8/\Vu|2dx+K/\p\2dx+K
Q Q
< K|Vulalol, g+ [ [VulPdo+ & [ |oPdo+ K
Q Q
< el Vuls + Kol —|—5/ |Vu\2d:c—|—K/ pPdz+ K.
Q Q
The quantity derived from the interaction terms is positive, so we obtain after ab-

sorbing ||Vu/||z2 on the left-hand side the following inequality for the L*-norm of
Vu:

50/ |Vu|2dx§K||p||i% +K/ Ip|?dr + K . (2.18)
Q Q

Now, we test equation (2.13) by p; to obtain

a/\Vpi|2d:c+oz0/\pi\s+1d:c+a/pfdx
Q Q 0

= —/ div (piu(i)) pidx + @ pi dz . (2.19)
o €] Jo

The second integral on the right-hand side can be absorbed on the left-hand side.
The first one gives with the aid of integration by parts

’—/div (piu(i)) pidx
Q

N /pzu(i)'vpz dx
Q
2
= /u(i) -V (p—’) dz
Q 2
L [ divu® 2
= |—= [ divu'"pidx

2 Ja
< €/|pi|4dx+K/|Vu(i)|2dx.
Q Q

Here, the first integral can be absorbed on the left-hand side of (2.19) if s > 3, and



2.1. EXISTENCE OF WEAK SOLUTIONS 21

the second one is treated using inequality (2.18). We obtain after summing over 4

/\Vp| dz + dap /\p\s+1dx+a/\p\2dx
<K(/ |p|6/5dx) —|—K/|p|2d:c—|—K

< 5/ lp|*Ttdo + K
Q

by using Hélder’s and Young’s inequality (note that s is large enough).

Thus, we have

cr/|V,0|2d:p+d0/|p|5+1dx+&/|p|2dx§K,
Q Q Q

and therefore also by (2.18)
/ Vul?dr < K .
Q

So, we have coerciveness for the approximative system, and by the theory of mono-
tone operators (cf. the articles by Visik, Leray and Lions, [Vis61], [Vis63], [LL65])
there exist weak solutions (p,u) = (P07, Uny.a.0) to the equations (2.13)—(2.15)
with

P e HY(Q) N L) and

Ul a0 € Ho(BR?).
The above estimates depend, of course, on ag, a and o.

Step 2: Nonnegativity of the densities p;

Consider the following auxiliary problem

3
—0AG =Y u) G +aG + aglpi G = X(peop i, (2.20)

VG-1n = 0 on 0f). (2.21)
Here, X{p,<0y denotes the characteristic function of the set {z|p;(x) < 0}.

Due to the weak maximum principle, the function G is nonnegative. (One can see
this by firstly approximating «¥ by smooth functions, where G > 0 due to the
classical maximum principle, and then passing to the limit, where the inequality
G > 0 is conserved.)
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We test by G in (2.13) to obtain

/ PiX{pi<0} dx > 0.
Q

From this inequality we conclude that the negative part p; = min(p;,0) of p; must
vanish almost everywhere in €2, thus, p; > 0 almost everywhere in €).

(As was remarked above, we could alternatively use a different approximation with
replacing the term div(p;u®®) in the continuity equation by div(p; u®). After having
proved the existence of weak solutions to this system (as in Step 1), we can test by p;
in the approximate continuity equation to see that p; vanishes almost everywhere.
Thus, we would have ensured the nonnegativity of the densities as well and could
replace p; by p; in the approximate equation.)

Since we know now that p; > 0, we can replace the term |p;|*~!p; in the approximate

continuity equation by p;.
Step 3: Estimates for p; and u” which are independent of ay,a and o

We test again by u® in (2.14)

2
/ Z Liu® -0 dz = —ci/
Q

k=1 Q

u® - Vp; du + / pif D ul) da + / 1D @ gy
Q Q

Since we want to derive estimates which do not depend on «g, @ and o, we can no
longer use the L*'-norm of p.

Thus, we cannot absorb the terms with p; coming from the pressure, but we have to
investigate the pressure term more closely using the approximate continutiy equation

(2.13).

We get (at least formally) analogously to the theory for compressible flow for single
continuum

—ci/u(i) -Vpidr = —ci/piu(i)-Vlogpi dx
Q Q
= cl-/ div (piu(i)) log p; dx
Q
Vpil?
= —cia/ de—cia/pi log p; dx
Q Pi Q

_cia()/pf log p; d:p+c,~%/logpi dx
a €2 Jo

by using the equation (2.13) in the last step.
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More precisely, we have to insert an auxiliary parameter 6 > 0 such that we can
deal with p; in the denominator. We obtain

—Cz'/U(i) -Vpidr = _Ci/(pi +5)U(i) - Vlog(p; +0) dx
0 0
= ¢ / div ((p; + 5)u(i)) log(p; + 0) dx
Q

= 025/ ivu® log(p; 4 6) dz
Q

/ ) log(p; + 6) d

Q

= /dlvu log(p; + 0) dx
[ IVpil?
Qpit0

—ciozo/ p;log(p; + 6) dx + Ci& / log(p; + 0) dx
9 9] Jo

(3

dr — cia/ pilog(p; + 0) dx
Q0

by using the approximate continuity equation (2.13).

It is clear that we can let the parameter 0 tend to zero and that we obtain the
corresponding integrals without 0 after having achieved the estimates below. The
first integral vanishes as § — 0.

In the sequel we omit the technical parameter .

Therewith, we obtain after summing over ¢ from 1 to 2, using the ellipticity condition
(2.4) for the operators L; and absorbing the term with ar

V 2
co/ |Vu\2d:c+2{cl | p| +Ci5¢/pilogpid:c—i—cl-ozo/pflogpidx}
Q Q

+/ a}u(l) _u(2)’2 dr < / ol flu| de+ K
0 0
< Kllullslloll g + K

<el|Vull7: + KHPHig + K.

On the set where p; > 1, the terms p; log p; and pf log p; are positive. For p; < 1, the
terms are bounded and will tend to zero as the approximation parameters tend to
zero. Therefore, we can neglect the terms with o and aq in the limit as well as the
terms with o, which have also the right sign due to Step 2. The positive quantity
from the interaction terms can be neglected as well, and, essentially, we obtain after
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absorbing ¢||Vu||z2 on the left-hand side the following inequality for the L?-norm of
Vu:

50/ Vul de < K| + K (2.22)
Q

Now, we cannot continue as in the first step of the proof since we cannot use the
terms with ag and «. Instead, we want to estimate the L?-norm of p in terms of
|Vu||z2 independently of g, and o.

Therefore, we consider the following auxiliary problem
dive” = p,—7 inQ, (2.23)
e = 0 on 0f, (2.24)

, 1)
and use ¢ as a test function in (2.14). By ¢ we denote the vector ¢ = ( 14 )

QO(Z)
7
pi=1a7 | pide
1€ Jo

The solution of the auxiliary problem is described with the help of the so-called
Bogowskii operator introduced in [Bog80], which has to following properties (the
proof of which can e.g. be found in [Gal94, p. 120ff], cf. also [NS04, p. 168ff]):

Here,

is the mean value of p; over (2.

Consider the problem
divv=finQ, v=0ond (2.25)

with the compatibility condition fQ fdx = 0. Let us recall that €2 is assumed to be
a Lipschitz domain.
Then there exists a “solution operator” B = (By, By, Bs)" with the following prop-
erties:
o Let W={feLP(Q)] [, fdx=0}. Then the operator
B: W — W, (Q;R?)
is for arbitrary p, 1 < p < oo, a bounded linear operator, i.e.

1Bl lwermsy < C@I e

e The function v = BJ[f] solves (2.25).

e If f can be written in the form f = div g with some g € L"(Q; R3), g-ﬁ’m =0,
then it holds
1Bl < Cr)llgllr

for arbitrary r, 1 < r < oo.
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Thus, we can use the estimate
1969122 < Klpilo (2.26)
Testing by ¢ in (2.14) leads to
2
S (1 [ Fu: 60 do Gt ) [ diva® v e )
k=1 @ @
= Ci/ﬂ?dx—mcz‘/PiCMJr/Pif(i) '<P(i)d$+/1(i) oW da.
Q Q Q Q
The first term on the right-hand side is the quantity we want to estimate.

Summing over ¢ from 1 to 2 and estimating the other terms by Hélder’s and Young’s
inequality, we obtain

[ Voo < KIVuR: + el TelRs + elllfe + K
Q

+K|lpl7os + K +ellolze + Kllullz> +ellelz:
We make use of inequality (2.26) to estimate the terms with ¢

IVelz: < Kllplz=,
lelzs < KlVeli: < Kol
lelz: < KlVeli < Kol

ARVAN

and obtain as a result

[ Vo e < KIValf + Kl + K (2.27)

Now, we bring the estimates together.

Using estimate (2.22) for ||Vul|r2 in (2.27) leads to

[ 1o de < Kol + K.
Q

Testing by 1 in equation (2.13) (which has a solution according to Step 1) and
neglecting the term oy fQ p; dx, which has according to Step 2 the right sign, gives
Jq pi dz < 1 from the ap; term. This is also conserved in the limit, and thus, we can
treat ||p||e/s by interpolation

1 2 1
el < lpllzallolz < llollz:
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and obtain
[ IoPds < Kl + K
Q

2
After applying Young’s inequality to ||p||?, and absorbing the L*-norm of p on the

left-hand side, we have
/ Ip|Pdx < K .
Q

From (2.22) it follows also that

/ \Vul?dz < K .
0

Now, we have shown that the solutions fulfill estimates which are independent of
o, and o:
o[> < K and |[uag,a0llmg < K,

and the proof of Lemma 2.1 is completed. O

Now, we want to prove Theorem 2.1.
We consider first the limit process as g — 0. Due to the estimates from Lemma 2.1,

we can extract subsequences, again denoted by p;*“?, uﬁfﬁ,w such that for i = 1,2

P~ p?7 weakly in L7,
“g()),a,a - U(()f)(, weakly in Hol, and, owing to Rellich-Kondrashov’s theorem,
ul) oo — ul) strongly in L7, q € [1,6), as ap — 0.

We can pass to the limit in the equations (2.13)—(2.14) (in the weak sense). Since
there are no nonlinear terms with respect to p in the equations (2.1), (2.2), weak
convergence of the densities is sufficient to pass to the limit.

The limits p;"7, ug)g solve the equations

—o AP+ div (p0Tul),) + aptT = ﬁ inQ, (2.28)

2
S Lol = —e Vi + 007 F9 + (<) a (u —ul)) in 2, (229)
ul) =0, Vi -d=0 on 092, (2.30)

and fulfill the estimates

lp™7 |2 < K and ||ua,(,||H3 <K (2.31)
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uniformly in « and o.
Moreover, we know due to Lemma 2.1 that p;*” > 0 for ¢ = 1,2 since we can simply
pass to the limit in this inequality as ay — 0.

Testing by 1 in equation (2.28), which is fulfilled by the limit functions p3’, u(()i)g,

we obtain for i = 1,2 the equation

/ p7dr =1. (2.32)
Q

Thus, everything is prepared for the passage to the limit as a,0 — 0. Using the
estimates (2.31), we can choose a subsequence, again denoted by pf"”,ug?g, such

that for a, 0 — 0

«,0

Pi

u(()f)g —~ y® weakly in H&, and, owing to the compact embedding,
(i)
u

a,o

—  p; weakly in L?,

— u® strongly in L9, q € [1,6).
This is sufficient to pass to the limit in the equations (2.28)—(2.30). The limits

u® € H S R3), p; € L3(Q) fulfill the equations (2.1)-(2.2), (2.5). Moreover, passing
to the limit in equation (2.32) gives that

/pidle
Q

for i = 1,2, i.e. also equation (2.3) is fulfilled. Furthermore, the property p; > 0 is
conserved in the limit, and Theorem 2.1 is proven.

2.2 Regularity

In this section we prove some additional local regularity properties for the densities
pi and the velocity gradients Vu(?, where the solution (p, u) is obtained as the limit
of the approximative problem (2.13)—(2.15) as in the previous section. In fact, we
obtain estimates for p; and Vu® in L} ~for all p with 1 < p < oo.

For this purpose, we need an additional condition on the pressure law which reads
as follows: for m > 1 and for all py,ps >0

(1" p3') Ao ( 2%2 ) > Colp|™' - K. (2.33)

Here, the matrix Ag, which comes into play by the equation for the effective viscous
flux, is defined by

A — ann Gz | _ Bo O 2011 + A1 22 + A2 -
0 as Qg ) 0 1 2091 + Aa1 2p122 + Ao
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Condition (2.33) holds under reasonable assumptions on the coefficients ¢; and the
entries a;; of the matrix Ay for the pressure law P;(p) = c;p;.

If we impose for instance

C C
|a12| < C—lau and |a21| < C—2a22 (234)
2 1

and aj1¢; = agacy,t we can prove that condition (2.33) holds.

In fact, we calculate with the aid of Young’s inequality

m o m C1p1
, A
(01", p3") 0(02/)2)
. m—+1 m m m+1
= a11€C1Py  + @12C2P7 P2+ A21C1P1Py + G22C209

Q12 21

. m+1
=apcipy - +anc a

C2 m C1 m m—+1
P1 P2 1 G22C2 P1P2 1 G22C2P9
11C1 A22C2

m 1 appes ™!

m-+1 m+1 1202 m+1

> apcip; | — apcipy - — a11¢ 2
m—+ 1 m—+1 aj1Cy

m 1 A91C1 mtl
m—+1 m—+1 m+1
FagaCopy T — A22C2P5 "~ — A22C2 P1
m—+ 1 m+1 A99Co

1
+1

where we used the condition (2.34) in the last step. The last strict inequality holds
for |p| = 1. Using the condition ajjc; = agace, we have proved that

m—+1 m—+1 m—+1 m—+1
(CL1101/)1 + A2C2p9 )— (a1101p2 + A22C2p7 )7

+1

(Pl Py') Ag ( Py ) > 0 on the set (|p| =1).
CaP2

From this inequality the coerciveness condition (2.33) follows.

For m = 1 the condition (2.33) corresponds to the positive definiteness of the ma-

a 0 . We can guarantee the positive definiteness of Ay a 0 by
0 Co 0 Co

choosing the parameter [y as i—;, as follows from
(1, 25) Bo O 2011 + A1 2p12 + Ao ! ¢ 0 T
b 0 1 2091 + Ao1 292 + Ao 0 ¢ Ta

—1
2 + A 2 + A
_ (ﬁoﬂh,@) ( H11 11 4M12 12 ) ( C1T1 )

trix AO

2091 + Ao1 2pi92 + Ag2 CoT9

-1
_ 2011 + A1 2p12 + Aig o™
= ca(Box1, T2) ( 2091 + Ao1 299 + Ao ?EQ

IThis is equivalent in terms of the viscosities to c180(2u22 + A22) > [Boc2(2u12 + A12)| and
c2(2p11 + A11) > [e1(2p21 + A21)|, and ¢1580(2p22 + A22) = c2(2p11 + A11).
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2p11 + A1 2002 + Ao )1

and the positive definiteness of the matrix
P ( 2091 + A1 222 + Ag2

If we assume the coerciveness condition, we can prove the following

Theorem 2.2 Let P(p) = (c1p1,caps)’ satisfy the coerciveness condition (2.33).
Then we have for a solution (p,u), p = (p1, p2)*,u = (uMT @) of the equations
(2.1)-(2.3), (2.5), obtained as the limit of solutions of the approximate problem
(2.13)-(2.15), fori=1,2

pi€ P (Q), Vu e P (QR>3) forallp,1<p<oo.

loc

In order to prove this theorem we consider again solutions of the approximate system
(2.13)—(2.15) and prove

Theorem 2.3 Let (p*™7, Uny.a.0) be solutions to the approzimate system (2.13)-
(2.15) with the pressure P satisfying the condition (2.33). Then for all p with 1 <
p <00

pao,ag 6 LZOC(Q) Vu(l

ap,a,0

€ Lloc(Q; R3><3)

and

ao,aJH

< K,||[Vul

— ap,0,0

llp |z < K uniformly in ag, o and o

loc

Proof:

The proof is split into two parts. In the first part we prove with the aid of a boot-
strap argument that p2>®° € L8 (Q) and Vull oo € LS (Q;R3*3) with estimates
independent of ag, a and o. In the second part we utilize these estimates to prove
uniform estimates for p;**? and Vuao ao in all LY | where we again use a boot-
strap argument. In both parts the key tool is the so-called equation for the effective
viscous flux.

(It would be possible to perform the proof in one step, but we prefer this presentation

to make the arguments clearer.)

Part I: We show that pi**? € LY (Q), Vuao o € L8 (QR¥3) with || 27 | 1o

K, | Vul). aollzs < K uniformly in ag, o and o.

loc

In order to prove these estimates we have to use an equation which we call in analogy
to the classical case of the Navier-Stokes equations for one compressible fluid the
equation for the effective viscous flux or effective pressure To derive this equation,
we test equation (2.14) by V(7¢®),i = 1,2, wherein ¢ will be chosen later on and
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7 is a smooth localization function with 7 = 1 inside 2 and 7 = 0 at the boundary:
(1) T (1)
/ A(retY) 2011 + A1 22 + Ao div Uag,a,0 du
o \ A(te®) 2021 + Ao 222 + oo div ugo)@,g
_ / ( A(re) ) ( Py(p027) ) o
o \ Alre?) Py(p07)
T . — Qg ,0,0
_/ ( A(reM) ) div A7 (o0 f D 4 I o) s
o\ A(re?) div A1 (p3" 7 FO) + I ao)
Here, we understand A~ as solving the Laplace equation in R3. The functions under

consideration are extended by zero outside of the domain ).

We used the identities
/ p?o’a’af(i) -V (Tgo(i)) de = — / divA~! (p?o’a’”f(i)) A (Tgo(i)) dx
Q 0

and

/Q 19, (r®) de = — /Q div A~ (19 YA (rp) dr.

These equations are valid for smooth functions 7¢® and by density arguments also
for functions such that A (7o) € L2. (Observe that 7¢® with A (1¢®) € L? needs
not to be bounded. Nevertheless, the density argument works since only V (Tgo(i))
occurs in the formulae, not 7¢® itself.) In fact, by denoting h; = A~} (p?o’a’gf(i)):

/divh,A (@) dz| < ||A (76D) || 2| div R 2
Q
< oA (re™) Hml!p?”’“’”f(“H(Hg)*
< oA (re™) Hml!pi‘“a"’f”)HLg
< cf|A (re®) Hml!p?‘“’a’”HLs+lHf(“HLssgrfp
< oA (reD) |2

By setting

A — Bo O 2p11 + A1 20002 + Ao -
0 2021 + Aa1 2p122 + Ago
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QZ,(l)
QZ,(2)
/ ( A(rg) ) fodivuldas \ o
a \ A(ry®) div uls) o

(AT (B Y
o \ A(rg@) ) 70N Pypoee)
T : — 0 ,0,0
>) a (AT + L) |
) div A7 (g5 fO) 4 Iao)

- 1) -
and choosing ¢ = ATy, ¢ = ( 22(2) ) J = ( ) , this equation becomes

By separating we obtain for ¢ = 1,2 the following equation with a function 1,
which can be chosen suitably,

B e GO dr = [ (AuP(proe ), Ao da

Q

— / (Agdiv A™! (p™0*7 f + ]ao’a,a))i A(rpD) da (2.35)
Q

whereby we use the notation

C2P2

aQ,q,0 c L
P(po™7) = ( L o ) and
div A™! ( pgoe f 4 ]C(&)),a,o

div A7 (020 f 4 I o) =
’ div A™1 (oo F2) 4 ]C(y%),a,o

With equation (2.35) we have derived the so-called equation for the effective viscous
flux. In the sequel, we will make use of this equation quite frequently.

In order to perform a bootstrap argument we choose now a special function ¢®. In

fact, we solve '
AP = (pfom7)™

in R3, where the functions under consideration are extended by zero outside 2 and
T € D(Q) is a smooth localization function, m; € R*.

In order to ensure that the corresponding terms with V)@ in (2.35) are defined, we
have to choose m; in such a way that

(P2 ™)™ € Lyl (9).

) loc
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where the estimate should not depend on ay, o and o. According to the definition of
@ we know that Vip@ € L2 (Q:R3), and the integrals with divul) o, and Vip®
in equation (2.35) make sense.

In the first section of this chapter we have proved that solutions (p,u) with p; €
L?(92) exist. As we would like to use estimates which are independent of the approx-
imation parameters «ag, @ and o, we can utilize in the first step of this bootstrap
argument only the estimate || ,OO‘O’O‘OH r2 < K. Thus, we have to choose

5
m():g.

Then, by using the coerciveness condition for the pressure law, we derive from equa-
tion (2 35) an estimate ||p; 7| mot1 = ||p; || 5/s < K and we can choose in the
loc loc

second step

my = —.

9

In general, we obtain a sequence of m;,7 = 0,1,2,..., which is defined recursively

by

5
mo = mj+1:6(mj+1).

3 Y
This sequence is monotone and bounded and, thus, convergent. Its limit is 5, such

that we can expect in the end an estimate for po‘o’o"‘7 in LY (Q) with [|pf®“7]| 16 s <

K uniformly and therefore also Vul) oo € L8 (:R¥3) with ||Vul) aol| . <K
uniformly in ag, a and o.

We derive now the estimate from equation (2.35).

At first, we investigate the terms coming from div u((f()w,g.

/f;ﬁz div ug37avoA (T,l/}(l)) dx = / BZ div u((;fg,a,oATw(i) dx
+2/Qﬁ, dlvugoao,VT Vil dx+/ﬁl dlvug aaTA@/)(Z) de .

Due to Vull) oo € L2(92; R3*3) and the choice of 1@ with Vip® € L2 _(;R?), the
first two integrals are uniformly bounded. We investigate now the third one. This
term is defined in the first place by using qualitatively estimates for fixed oy > 0
and o > 0. If we choose s large, we can assure that p;*“ € L3+9(Q),§ > 0, and
thus also P;(p20®9) € L3(Q) for ap > 0 fix. From equation (2.14) it follows that
Vuao,ag € L39(Q;R3*3) as well, and then by the embedding theorems u((lg,ag €
L>(Q;R3). For o > 0 fix it follows then also that pi®®? € L>(Q). Thus, the third
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integral is defined and gives with the aid of integration by parts

/Q Bidival) , 7AYY da
= [ Brdiv a7 (o0 do
== [ B VI N o
1

[ BT g (1)) T

[

I‘/@w@ﬂvfwﬁwwum
Q

/ sz?o,aa (()f()hoé,o' v ( m; <p;1o,a o)mj—l) 7_2 dr .
Q

mj—l

The first integral is bounded since u%) o0 € LE(Q;R3), (p2>*)™ € L?O/CS(Q) and

V72 e L2 (Q;R?).

loc

With the aid of integration by parts we obtain from the second one

R A m s —
- [ ¥ (S ) e

J

ms; B
/ﬁz le ao,ao go’a o’) 7]1 (pzama O')mj 1 7_2 d.r

~my
, I (pro®o) My,
+/ﬁz P; )" aoag -Vride.
o mj—1

The second integral is bounded because (p;**7)™ € L?O/E(Q) and ull) o, € LS(Q: R3).
The first one is treated by using the approximate continuity equation (2.13).

With p*? and u) oo extended by zero outside €, it holds

«0,0,0 aQ,o,0 «

—oAp» 7 + div (pi** ”ugg o) T @0 (p577) + ap; = “ in Q,

and due to the boundary conditions uggao} 0 = 0, we have

div (pfo7ul ) =01in R*\ Q.

ap,q,0
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We obtain

/ /81 le ao a,0 (z ) L (pzqo,a,o)mjfl 7_2 dr

aoaa _1

:‘?/@WﬁWﬂwm@WﬂW”#m

m;

—a/ﬁzVPaoaa- 7'27A_1

—040/51 (po )™ 2 d /ﬁz

i /@if e
Q| Jo my—1

If we choose s large enough such that for fixed ag > 0 the density and therewith

the pressure Pi(peo) € L¥TP(Q), we can conclude via equation (2.14) that also

Vull) 0o € L3(Q; R?*3) and by the embedding theorems ul) 0o € L3 (2, R3).
Then also p;*? € L2.(Q2) for o > 0 fixed.

Thus, all the above integrals are bounded for oy > 0, > 0,0 > 0 fixed and tend to
zero as ag — 0 and o — 0,0 — 0.

So all terms coming from div ug&a,g in equation (2.35) are bounded uniformly in
g, and o.

(pao ,Q, a)mjfl dx

aoaomj d
mj—1< )" T dx

The terms with f and I, ., in (2.35), which are of lower order, are bounded as well
such that there remains for i = 1,2

/ (AgP(p™*7)), A (Tw(i)) dr < K.
Q
We calculate

/ (AoP(p™*)); A (T91V) dw = / (AgP(p20)), ATy d
Q Q

+2 / (Ao P (o)), V7 - Vo dar + / (AgP(p7)), T AP dav
@ Q

The first two integrals are bounded because pi*“? € L(Q) and Vi@ € L2 (;R?)
due to the choice of .

To summarize, we have estimated the integral
[ AP, (o)™ 7 da < K
Q
Summing over i from 1 to 2 and using the coerciveness condition (2.33) leads to

/ |pozo,oz,a|mj+1 7_2 dx S K,
Q
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ie.
P07 e L Q)

loc

As explained above, due to the possible choices of m;, we obtain in the end
p;m’aa € Lloc(Q)
and by equation (2.14) also

Vuld) e L8 (Q;R¥?)

Q,q,0

with estimates which are uniform in «g, o and o.

Part II: In this part we use the estimates which we have just obtained to prove

that we can get estimates in all L] ., 1 < p < oo, for p;”*? and Vul) o

We consider again the equation for the effective viscous flux

/@dwugow (Tw(i))dx:/(AoP( w0e)), A(rp) da
Q

— / (Agdiv AT (p™o™ f + ]ao’a,a))i A(rpD) da (2.36)
Q

and solve the problem
w(z — ( 0, O’)ﬂ’bk T

In order to give sense to the terms with div ug&a,g and V¢@ in (2.36), we have to
choose my, this time in such a way that

(7)™ € Lipe(9) -

Then, by the usual duality argument, it follows Vi) LY 6(9 R3) for a small § >

loc
0. This is more than sufficient since we can use Vua()) a0 € LlOC(Q, R?’X?’) according to

Part I (and thus u(()lg,a,o € L (Q;R3) due to the embedding; ugg,a,o is even Holder

loc
continuous). To give sense to the integrals in equation (2.36) containing V@, it

would be sufficient to have Vi ¢ L?O/CS(Q; R3).

According to the estimates proven in the first part of the proof, we know that
pio*? € LY () and we can choose now mg = 6. By the same procedure as in Part [

we estimate pf®“7 in L70T(Q) = L] (), and we can choose in the next step of the

bootstrap argument my = 7, and so on. In general, the sequence my, k=0,1,2,...,
is defined by
m0:6, mk+12mk+1

p,0,0

such that we can expect finally estimates for p; and thus also for Vucm,a - in all

LP 1<p< 0.

loc?

We consider equation (2.36) to obtain the estimate for p?**7 € L™ (Q).

loc
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The structure of the proof is the same as in Part I with the difference that We can
now use Vulh oo € LS (Q;R33) and pf7 e LS (Q) instead of only Vull) 0o €
L2(;R3%3) and pi>*7 € L*(Q).

The term with div () a0 in (2.36) gives
/QBAZ div ug&a’oA (Tw(i)) dr = / BZ div ug&a,oAT@ZJ(i) dx
+2 /Q B; div ugfo ao VT VD dx + / B; div ugo N aTAw(Z

where the first two integrals are bounded due to Vuaoag € LS (Q;R33) and
vyl € L?O/CQ Y(LR3) (Vo) € L6/5(Q R3) would be sufficient).

loc

Like in Part I, the third integral gives the contribution

/ﬁldlvugoao ( 040040 " dr = — /ﬁl aoaa' (pzcmaa)mk dx
/@dw MU o)

A my ag,o,0 ko
2 20,4, ./ d
/Q/6 my 1(pz ) ozooca T ax.

ag,o,0\mE—1 2d
rk_l(p )" T d

The first and the third term are bounded due to ul) oo € L3 (€2 R?) and (pso 7)™ e

loc
L .(92) (because of the choice of my). The second integral is treated using equation

(2.13) as in the first part of the proof of this theorem. The resulting terms are
bounded and go to zero as ag, « and ¢ tend to zero.

The terms with f and I, .0 in (2.36) are bounded, too, and it remains

/ (AgP(p)), A (V) dz < K,
Q

which gives
/ (AP (p*7)); (pi 7)™ 7° do < K.
Q

Summing over i and using the condition (2.33), we get
/ |pa0,a,o‘mk+1 7_2 dr < [(7
Q

where my, k = 0,1,2, ..., is chosen as my = 6, mp11 = my + 1. With this choice of
my, we obtain finally that

/ |p*o*?|P 72 dx < K for all p with 1 < p < 0.
Q
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In other words, we have proved that p*“? € L} (Q) for all p,1 < p < oo, and it
follows from equation (2.14) that
Vul e I? (R¥®) forallp,1<p< oo,

ap,o,0 loc

with estimates which are uniform in «g, a and o. 0

Since the estimates in Theorem 2.3 are uniform with respect to ag, @ and o, they
hold also for the limit functions p; and ¥, and Theorem 2.2 follows. The property
Vu® e LP for all 1 < p < oo implies in particular the Holder continuity of the

velocity fields.

Remark: The proof works also for more general pressure laws which behave like
lp|7,v > 1, as long as a coerciveness condition analogous to inequality (2.33) is
fulfilled. Thus, we can prove for solutions of the Stokes system in a bounded domain
Q C R? local estimates for p; and Vu® in LP for all p with 1 < p < oo also for
other pressure laws, but for these cases existence of weak solutions is up to now not
known since we are not able to obtain an H'-estimate for u.

It would be very interesting to prove an L*°-estimate for the densities. For the Stokes
system this is an open problem. In Chapter 5 of this thesis we prove an exponential
estimate for the densities for the Stokes problem with a pressure which behaves like
|p|7, v > 2. This has to be seen as a first step in this direction.

2.3 Compactness of the densities

Even though weak convergence of the densities is sufficient to pass to the limit in the
approximate equations (2.13)—(2.14) with interaction terms of the form (2.10), we
show now that the approximate densities converge even strongly. In particular, this
is important to be able to treat cases with different interaction terms (2.11), where
the factor a depends in a nonlinear fashion on p. In these cases we need the strong
convergence of the approximate densities to pass to the limit in the nonlinearity to
obtain the existence of weak solutions.

In the proof we will see that we need — at least locally — more regularity for the
densities than just L?, which we have proved in the existence part. Since we would
like to use the regularity which we have shown in the preceding section, we have to
impose the coerciveness condition for the pressure in this section as well.

In order to obtain the strong convergence of the densities, we need in particular the
coerciveness condition for m = 1, which is the positive definiteness of the matrix

C1 0
A0<0 )
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&1
0

0By appropriately, as shown in the previous section on regularity.

We can ensure the positive definiteness of Ag ( CO ) by choosing the parameter
2

Theorem 2.4 Let the pressure P satisfy the coerciveness condition (2.33). Let the

matriz Ao ( %1 CO ) be positive definite.
2
T
Let (p™*7 tag o) P20 = (0777, 05" 7) T tag 00 = ug}o{ﬁm“&{ﬁ“) , be so-
lutions of the approximate system (2.13)-(2.15) with

a0,0,0

P; — p; weakly in L?

and ‘ '
ugg’ap — uD weakly in HY, i=1,2,

where (p,u), p= (p1, p2)T,u = (DT u@TT solves (2.1)-(2.8), (2.5). Then

ap,q,0

Py — p; strongly in L" ;1 <r <2, asag— 0 and a,0 — 0.

Proof:
As in the previous section we consider again the equation for the effective viscous
flux, which is the key tool in this proof.

In the mathematical theory for compressible flow for one constituent, the so-called
effective viscous flux or effective pressure, which is given by

p(p) = (A + 2p) divu,
p denoting the pressure, plays a key role in proving the compactness of the densities.

Concerning the convergence of the approximate to the primary quantities, the effec-
tive viscous flux possesses better properties than its ingredients.

In fact, in the steady case (cf. [Nov96], [Nov98]) or in the case of small initial data
(cf. [Hof95al, [Hof95b]), one can even prove the strong convergence of

p(p"™) = (A +2p) divu™
(for approximate solutions p™, u™) to
p(p) = (A + 2p) divu,

where p(p) denotes the weak limit of p(p™) as m — oo.

In the general evolutionary case, the product

Bp™) (p(p™) — (A + 2p) divu™)
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with a suitably chosen function § converges weakly to

B(p) (@— (A +2p) divu) .

This result is for instance treated in [Lio98, Chapter 5] and [Lio98, Appendix B]. A
different proof of this convergence theorem with the aid of the div-curl lemma can
be found in [Fei01] and [FNPO1].

We make also use of the equation fulfilled by the analogous quantity in the case of
mixtures to show the strong convergence of the densities.

For ¢ = 1,2 we have, as derived in the previous section,

/ﬁz dlvug NeNeg (T@Z)(Z))d,l‘: / (AOP(pama’U))i A(T¢(Z))dx
Q

— / (Agdiv AT (0™ f + Inga0)), AT D) dz (2.37)
Q

whereby

div A=L ( pgo® f) 4 L(l})),a,o

div A7 (p0% f + T ae) =
’ div A~ (p5o 7 f@ 4 18 o

Due to the estimates from the first section of this chapter we know that for a
subsequence

pioe?  —~ p; weakly in L?,
gfg o u' weakly in H} and, due to the compact embedding,
u%a,a — u' strongly in L%, ¢ € [1,6)
as ag — 0 and then a, 0 — 0. This was already sufficient to pass to the limit in the
equations. We will show now that the approximate densities p;°“? converge even

strongly in L™, 1 <r < 2, to p; as ag,a,0 — 0.
We choose 1)) now by solving the problem
AP = (pfo™7 — p)) 7 in R3.

Here, the functions p;®“? and p; are extended by zero outside of €, 7 is a smooth
localization function in €2 which is assumed to be 1 inside of €2 and zero near the
boundary of the domain.
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As mentioned in the proof of regularity, the extended quantities p;**? and ug&a,g
fulfill again the approximate continuity equation (2.13) in © and due to the boundary
conditions they obey to

g

div (pfoul ) =01in R*\ Q.

«p,0,0

Analogously, the functions p; and u® which are extended by zero outside (2 satisfy
again the continuity equation (2.1) as stated in Lemma 2.1 in [NN02]:

Lemma Let Q C R?® be a bounded Lipschitz domain, p € LP(Q),p > 2,u €
Hi (4 R?) and f € LY(Q). Assume that

div (pu) = f in D'(Q).

Then, extending p,u and f by zero outside ) and denoting the new functions again
by p,u and f, we have
div(pu) = f in D'(R?).

With the above choice of 1) equation (2.37) becomes for i = 1,2
/g diva A (FAT (200 — ) 7)) de (2.38)
:/(AOP( coae)) A (7A7L (020 — ) 7)) da
Q

_/Q (Ao div A (00 f + Inga0)), A (TAT (07 — pi) 7)) da .

We consider first the left-hand side of this equation and perform the limit process
as ag and then « and o tend to 0.

/ﬁ dlvuaoaoA (TAT ((p7 7 — p;) 7)) d
/ﬁ divuld) (627 = pi) 72 da
+2/ﬁld1VU VT VAT ((p0% — py) T) dx
/ﬁ divuld) . ,ATAT (00 = pi) 7) da
/ﬁdlvuaom7 (pi 7 — p)) T3 dx + o(1) as ap — 0 and a, 0 — 0

due to the LP-inclusions of the terms with VA~! and A~!.
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Consider for i = 1,2

/ div U’a()) a,o (pféma - pl) T dx
Q
— / div ugg B / div uag aoPiT dz
Q Q

For reasons of lucidity, we omit additional indices referring to ag, a, o although the
terms Agl), Ag) depend of course on these parameters.

The first integral is treated as follows with the aid of integration by parts

AP = —/ Uag e VP T Qd:v—/p?“’” b VT da
Q Q

= A+ A

Since pj**™? converges weakly in L? and ug&a,g strongly in L%, q € [1,6), the second

integral converges to

A§Q — — [ pu? -Vl da
Q

as ag,a, 0 tend to zero. The limit will cancel with a corresponding term coming
from the integral AS” (see below).

The other term is treated using an auxiliary parameter 6 > 0 which will vanish
before we perform the limit as «aq tends to zero and a and o tend to zero.

AD = /Q<pf‘°’“+5> O Tlog (52 + 6) 1 du

= / div ((pf*7 + ) uf ao,a ) o) log (p*7 4+ 6) 7% du
Q

+/ (027 4 8) log (p2°*7 + 8) ul) - Vr2de = AT + AV, .

The first term is split into two parts. In the first part we can use the continuity
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equation (2.13), the second part tends to zero as § tends to zero:

AY = /de( 00T goag)log(pf0“0+5)72dx
+5/d1vua0aglog( Q00T 4 5) 7 dw
= U/Apﬁ“”a’”log (7 4 0) 7'2d£C—OéO/ (p7“7) log (pi ™7 + 6) 7% dx
0

/ploo”"log(pf“’o“7 5)7 d:p+@ log (p O‘“‘”+5)7'2dx

p,q,0

+5/dlvu() log (p{*7 4 6) r* dx

where § [, div uao a0 log (p;“7 + ) 72dxr — 0 as § — 0. The other terms converge
to the corresponding 1ntegrals without  as § tends to 0.

Since we have from the continuity equation (2.13) the estimate

/@f‘“”)”l d:v+oz/<pf‘°“> dr <K,
Q Q

the terms with ag and « will vanish for oy and « tending to zero.

Analyze now the term with o using integration by parts and Young’s inequality:
/Ap?oaglog( Q00T 4 5) 7 dw
Q
— /Vpaoaa Vlog (pi“7 + 6) % dx

—U/Vpomaa V127 log (p;@"7 + ) dx

Vaoaa vomozaQ
S —0 |a0p0470| 2d$+0/|040p3470|7—2d1‘
Q Pi +9 Q Pi +0

+o [ (00 +8) log (48277 +8) PV d

The first two integrals cancel, the last one vanishes for ¢ — 0 since we have the
bound

/|Vpa°aa|2dx<K thus, J/|pa°a0|6d:p§K.

To summarize, the term Ag?l tends to zero as ayp, o and o tend to zero.
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We investigate now the limit process for the term A%.
Al = / (P77 + 8) log (pf* ™" + 0) uly) oo - V7° dat
Q

«,0,0

=0 / Pl log p2o* ) . Vrtdx
Q

e | pogpu - vrtda,
Q

where p; log p; denotes the weak limit of p;** log p;*“ as ag, @, 0 — 0.

Considering the localization function 7, we know that for a test function ¢

/ ou - Vridr — ou . i dS
Q o9

as 7 — 1, n denoting the outer normal vector.

This follows from the fact that the difference of the above integrals can be estimated
with the help of a Poincaré-type argument by K, [ |Vu®|? dz, where the integration
takes place over a strip near the boundary of the domain €.

Due to the boundary conditions, u® - 7 vanishes on 9, and A% vanishes as well
in the limit.

We consider now the term Ag), which we treat with the aid of a lemma due to
DiPerna and Lions (cf. [DL89)]).

As ap, a and o tend to 0, the term AS) converges to

Ag) = — / div 1L0m70470.p1~7'2 dx — — / div u(")pﬂ'2 dx .
Q Q

From this term we obtain by regularizing p; by the convolution with a mollifier wy,

— / div u® p;72 da
Q
= —/(pi * Wp) divu 7% de + ¢, with e, — 0 as h — 0
Q

= / V(ps * wp) - u 72 dz + /(pZ s wp)u® - V2 dr + e
Q Q

= /(pl * wp, + 5)u(i) -V log(p; * wy + 0)7* dx + /(pl * wh)u(i) -Vride + ¢,
Q Q

A A e
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with an auxiliary parameter 6 > 0, which will tend to zero before ay and then «
and o tend to zero.
Here,
ASQ) — / pu - Vridr = — lim A§Q as h— 0,
)

ap,o,0—0

i.e. these terms cancel in the limit. We investigate now the term Agl) .
AW = —/ div[(p; * wp + 0)u] log(p; * wy, + 6)7° dx
Q

— / (pi % wn + 6) log(p; * wy + 0)u'? - V72 dx
Q
= Agl)1 + A%)Q :
The second term gives

Ay - / (pi + ) log(p; + 8)u'? - V7 da
Q

6—0

— - / p; log pu® - V12 dz .
Q

As above, as the localization function 7 tends to one, we have for a test function ¢
that

/ ou® - V7l de — ou? . 7 ds.
Q o9

Due to the boundary conditions which we have imposed, the integral vanishes in the
limit as 7 — 1.

The term Ag?l gives
AP = - / div [(p; * w) u(i)] log (p; * wp, + 0) 72 dx
Q

—5/ divu® log (p; * wy + 0) 72 dx
Q

= A;?n + Agl)u :
Here, the second part vanishes as § — 0:

AD Y s /Q div u? log(p; + 6)7° dx

6—0
H

0.

We will now treat the term Ag?n with a lemma by DiPerna and Lions using that
div(p;u?) = 0 weakly. Due to the global estimates from the first section, p; €
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L*(Q), Vu® € L*(Q;R**3), we can conclude by the DiPerna-Lions Lemma, which
is a generalization of Friedrichs’ lemma about commutators, that

72 (div[(p; * wp)u] — diviwy, * (p;u')]) — 0 weakly in L' as h — 0.

This is not sufficient to pass to the limit for A~ — 0 in the term
Ag?n = — / div[(p; * wp)u?)log(p; * wy + 0)7% dz
Q

where log(p; * wy, + d) € LP(Q) for all p,1 < p < oo, such that we have to use the
local estimates on the density p; from the previous section. These estimates ensure
that

72 (div[(p; * wp)ul] — diviwy, * (p;u®)]) — 0 weakly in L*, say, as h — 0,
and we can pass to the limit in the term under consideration. Since div(p;u®) = 0,

it follows that
Aé’fn —0ash—0.

Altogether, the left-hand side of (2.38) gives finally

[ i AT (7 = ) d

Z

:/Bi(iivu(()fgﬂ’(7 e _ p)r2dr +o(l) — 0as ag — 0,,0 — 0,7 — 1.
Q

Since the terms containing f® and ISO),Q,U in (2.38), which are of lower order, tend
to 0 as well, we have that

| (AP, A (A7 (20 = i) 7)) da

= /Q (Ao P(p* ™)), (pS07 — pi) 72 dx + o(1) — 0 as ag — 0,,0 — 0,7 — 1.
From the convergence

/Q(po“”o"" — )" A ( Clpzzzz ) ?dr — 0as ap — 0,a,0 — 0,7 — 1 (2.39)

we can conclude that

P — p; ae. in Q.

o . . . 0
This is a consequence of the positive definiteness of the matrix Ag ( 601 . )
2
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In fact, we can conclude from the positive definiteness that for a Ay > 0 and for all
p, b, p = (p1,p2)" p = (1, p2)",

=" Y ) (p-p) = rlo— il
0 Co
ap,0,0

such that the convergence of the p; almost everywhere follows from (2.39).

(2

Since we already know that ||p;*“?||z2 < K uniformly, the strong convergence

Q,x,0

P; —pin L7 1<r<2, fori=1,2

follows. a

Remark: If we have the strong convergence of the densities, the strong convergence
of Vugg,ow also follows:

Vou® — vu® strongly in L" ;1 <r <2, as ag — 0,a,0 — 0.

ag,0,0



Chapter 3

Compactness of solutions to the
mixture model in the steady case

In this chapter we deal with the mixture model with convective terms in the steady
case. We consider a sequence of solutions to the equations fulfilling certain bounds
and show that the limit of this sequence is a solution of the equations as well.

This property — often called compactness (or weak sequential stability) — is consid-
ered to be the main step in an existence proof. In order to show the existence of
solutions one has to construct approximate solutions which fulfill certain estimates.
The compactness property then allows to pass to the limit in the equations.

In our model, however, it is not obvious how to obtain approximate solutions which
fulfill appropriate a priori estimates.

Nevertheless, we would like to treat the compactness under the assumption of suit-
able estimates for p and w.

We consider the following set of equations for ¢ = 1,2, which are assumed to hold
in a bounded open connected domain Q C R3:

div (p;u?) = 0, (3.1)
2
> Lyu® +div (pu® @ u®) = —VPi(p) + pif ) + 1V, (3.2)
k=1
pi >0, /pid:c = M > 0 given, say, M =1, (3.3)
Q

where the operators L;, are given by
Lix = —prar A — (Nir, + par,) V div
fulfilling the ellipticity condition

2
Z / Liu® -0 dg > co/ |Vul? dx (3.4)
ik=1" % Q

A7
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for a constant c¢g > 0.

The pressure P(p) = (Pi(p), P2(p))T is assumed to satisfy the following conditions:
We suppose that there are v > 1 and 3y # 0 such that P(p) fulfills

(i) the monotonicity condition:
there is \g > 0 such that for all p = (py, p2)? and p = (p1, p2)7, ps, pi > 0,

(0= p)" Ao (P(p) = P(p) = Mo (lp" ™" +1p"7") o = 5 (3.5)

(ii) the growth condition:
there is K; > 0 such that for all p = (p1, p2)T and p = (py, po)?

|P(p) — P(p)| < Ky ([p " +1pI"") 1o — 4. (3.6)
We recall the definition of the matrix Ag:
A — ann g\ _ Bo O 2p11 + A1 212 + Az -
0 A21  G92 ’ 0 1 2091 + a1 299 + Ao )
The interaction terms are assumed to be of the form
1V = (=1)"™a (u® — W) (3.7)

with @ > 0 constant.

The equations (3.1)—(3.3) are complemented by no-slip boundary conditions for the
velocities:

u®|,, =0. (3.8)

Remark: The result of this chapter can be proved analogously also in the case of
slip boundary conditions: '

u? .7 o0 =0
complemented with natural boundary conditions, which are stated in the previous
chapter, 11 denoting the outer normal vector.

We prove the following

Theorem 3.1 Let Q) be a Lipschitz domain. Assume that f,g,i) € L>®(;R3),i=1,2,
such that f,ﬁ,? — O weak-*in L™ with f© € L>(Q;R?).

T
Let (p™, um), p™ = (T, P57 = <u%)’T,ug)’T) ,m=1,2,..., be weak solutions

of the system (3.1)-(3.3), (3.8) with f® replaced by f,(ﬁ) with Ly, satisfying the
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ellipticity condition (3.4), the pressure satisfying the conditions (3.5)—(3.6) and the
interaction terms being of the form (3.7).
The solutions (p™, u,,) are assumed to fulfill

1™l < K and | < K (3.9)
with p > ~,p > 3 and K independent of m. Assume further that as m — oo
pit —  p; weakly in LP
ul  — uD weakly in H} .
Then the limit (p,u),p = (p1,p2)T,u = (u(l)’T,u(Q)’T)T, is a weak solution of the

system (3.1)-(3.3), (3.8).

Remark: The condition that p* € LP(2) with p > 3 seems to be rather restrictive,
but we will see below that this choice corresponds to the case of v being greater than
2. In fact, if we have pi* € L7(Q),~ > Q,U,be) € HMQ;R?), we can conclude that
pt e LP(Q2) for a p > 3.

Proof:
Due to the assumptions, as m — oo,

pit — p; weakly in LP |
u,(fb) — 4 weakly in H; , and, owing to the compact embedding,
wl  —  u strongly in L9, q € [1,6)

fori=1,2.

Thus, we can pass to the limit in the equations (3.1)—(3.3) fulfilled by (p™, u,,) in the
weak sense and obtain that the limit (p,u), p; € LP(Q),u® € H}(; R?), satisfies in
the weak sense the following system of equations: For i = 1,2

div (pu?) = 0, (3.10)
2
> Liyu® + div (pu @ u?) = —VP(p) + pif D + 17, (3.11)
k=1
pi >0, /pidx =1, (3.12)
Q

where P;(p) denotes the weak limit of P;(p™) as m — oo in LP/7, analogously p; f (.

The main difficulty here is to show that

Pi(p) = Pi(p) (3.13)
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for the nonlinear quantity P;(p), i.e. we have to prove the strong convergence of the
densities:
Pt — p; strongly in L™ )1 <r <p, asm — 00.

Then, of course, also
Pz‘f(i) = Pz‘f(i) .

For this purpose we make again use of our most important tool — the equation for
the effective viscous flux. We adapt the techniques used in the theory of compressible
flow to the case of mixtures.

We consider the weak formulation of equation (3.2) for (p™, u,,) with a test function
V (1¢?), where 7 € D(Q) is a localization function.

/ ( A (790(1)) )T ( 2011 + A 212 + Arz ) div U%) dr
o \A(1e@) 2091 + A1 2p22 + Ao div w2
-L(56))

(790( div At div ( pj 'y @ uly)

My \7T

[ (3G ) (R0 ) =

A (e

(1) div A1 f + 1Y
/ ( A (7_90 @ ) ) ) dr .
A (re?) div A~ (pp ) 4 18

Here, we use the notation

(1) (1)

T [ div A~ div ( plusm’ @ um

dx

\/\/ \/\/

I = (=1)™a (u? —ud) .

The operator A~! is understood as solving the Laplace equation in R®, and the
functions under consideration are extended by zero outside the domain €2.

We have used that for i = 1,2

/P?"fﬁ? -V (1" da = —/divA—1 (P FD) A (rp) da
@ 0

and
/I,S? -V (Tgo(i)) de = — / div A~ (Iy(é ) A (Tgo(i)) dx
) Q

as in the previous chapter. Analogously,

/div (pmu © u®) - V (7o) da = —/divA_l div (pu® @ uld) A (ro®) da.
Q Q



With

A — ann @z _ Bo O 2p11 + A 20012 + A2 -
0" as ag ) 0 1 2091 + Aa1 292 + Ao

and ¢ = A1), ¢ = ( gg ) = ( Z:E:; ) this writes
A (7m0
/Q A 7'1/7(2) )
A 7'1/7(1)
_/Q A n/?@);
A 7'1;(1)
:/Q A T@z@g
A (D
_/Q A (7@

By separating it follows for ¢ = 1,2

div A=t div p{”u,(}b) ® uly)
div A~ 1div ( prul? @ ulY

div A=Y (o) + 15
Ao @, @ |
div A~ (p2fo) + Iny

v () e [ (Ao (ro) o
Q )
:/ (Ao div A div (0™t @ ), A (1907 da

Q

—/ (Ao div AT (0" fon + 1)), A (9@ da
Q

Ao /807 Z:17
ﬁz—{ 1, i=2,

P = () )

div A~1div ( pruly) @ uly

where

div A7 div (p"" U, @ Up) =
div A~ div ( prul? @ ul?

divA~! p’lnfy(,}) + I

divA™ (p"™frn + 1) =
divA~ (pp 2 4 1

51

(3.14)
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Thus, we have derived with equation (3.14) the equation for the effective viscous
flux for the steady mixture model with convective terms.

Now, we choose a special function ¥?). We solve the problem

A?/)(i) =" —pi)T

in R?, where 7 € D(Q) is a localization function and p!* and p; are extended by zero
outside €.
The extended functions solve the continuity equation (3.1) in D'(R3?), cf. Lemma 2.1
in [NNO2].

With the above choice of 1%, we have to consider
/Q Bidivul) A (rA (" = pi) 7)) dae
— [ (AP, A (A7 (o = ) 7)) o
— /Q (AO div A~ div (p"up, ® um))l A (TA_l (o™ = pi) T)) dr
—/Q (Ao div AT (0" fon + I)), A (AT (0" = pi) 7)) dr (3.15)

fori=1,2.

We want to prove that, as m tends to oo,

| (AP 8 (A7 (o = 0 ) dz = 0.

Thus, we have to show that all other integrals in (3.15) vanish as m — oc.

Firstly, we investigate the most difficult terms, i.e. those coming from the nonlinear
convective terms div(p7ul @ u'y).

In the theory of compressible flow for one component, the convective term (together
with a term coming from the time derivative of pu) is treated with the help of a
commutator lemma (cf. [CLMS93]) in the book by Lions ([Lio98]) or by Feireisl et
al. (cf. [Fei01], [FNPO1]) with the div-curl lemma known from the theory of com-
pensated compactness, which was founded by F. Murat and L. Tartar (cf. [Mur78],
[Mur79], [Tar79]). For an LP—L9 version of the div-curl lemma see also [Zho92]. We
will make use of the div-curl lemma as well, but in the case of steady mixtures con-
sidered here the application is more direct since we obtain only from the convective
term a quantity where we can apply the div-curl lemma directly, and we do not have
to deal with (pu); additionally.



93

We consider without loss of generality ¢ = 1. The integral coming from the convective

. . air a2
term writes with Ay = as follows.
21 A22

/Q (Ao div A" div (0"t @ u)), A (TAT (1" = p1) 7)) d

= / {a; div A~ div (pi”u,(}b) ® u,ﬁ})) + ayp div A~ div (pgnu,(fb) ® u,(fb))} .
Q

A (AT (P = p1) 7)) d,

which is in components (with summation convention, we sum over k and j from 1
to 3; the summation convention is exceptionally used here)

_ /Q {anda o, (o7 (uld), (1)) +ands 0 (o3 (u), (u2),) }
A (TA_l ((p7" = p1) 7')) dz .

Integration by parts leads to

= [ fonet (), (), + oo (), (), }-

;0 (TA™ (" = p1) 7)) dx
_ /Qan (), 1 (uh), 0, (rA™ (67 = p1) 7)) da

+ /Q ars (u)), 5" (u) ;9500 (rA™ ((p1" = p1) 7)) dr.

Denoting 2" := 0 (TA™' ((p1* — p1) 7)), we consider the terms for i = 1,2

where the first part is divergence-free, div (pﬁ”uff{) = 0, and the second part is a

gradient, and therefore curl Vz* = 0. With the aid of the div-curl lemma we can
thus conclude that the product

i (u&?)j ;21" = p; (u(i))j% weakly in L"),

1 _ 1 6+tp —
Wherer—p+ Gp o 16 T =

Asp>3,itisr>g.

6p

1215 Here, 0z denotes the weak limit of 9;21" in L.

Since

pl'—p1 —~0asm —ooin LP,

it is 8j21 =0.
Since further

ul) — 4@ strongly in L7, ¢ € [1,6) due to the compact embedding,

m
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the integrals

[ (), (), 00 (A7 (o =) ) i

u®), 030, (rA (7 — 1) 7)) o

_I_
S~
o

]

=
3
;—/
=

™3
3/\

vanish as m — oo.

Thus, as we pass to the limit in the equation (3.15) as m — oo, the terms coming
from the convective terms tend to zero.

Let us remark that our approach is more direct than the one by Novo and Novotny
([NN02]) for the compressible Navier-Stokes equations in the stationary case. The
method used in the paper [NN02] for obtaining the convergence of the integrals which
result from the convective term imitates Feireisl’s technique for the evolutionary case
(cf. [Fei01]). However, it is not necessary to apply such a complicated tool in the
steady case where one does not have to deal with the time derivative (pu);.

Next, we consider the terms coming from div u%). We obtain for i = 1,2

/QBZ div uffI)A (TA’I (P = ps) T)) dx

_ / B divulD ATAT (o — pi) 7) da

+2/ﬂﬁ} divu)Vr - VAT ((p" — pi) 7) da + /Qﬁ divull) (p" — p;) 7° da
= /QB, divu&? (" — pi) T2 dx + o(1) as m — oo

because of the better LP-inclusions of the terms with A~! and VA™! and pi* — p;
in LP.

Investigating the remaining integral further gives for i = 1,2
/ Bidivul® (o7 — p;) 72 dx

/ﬁldlvumpz T daz—/ﬁidivufﬁ)pi#dﬂf
Q
=B\ + BY) .

We treat the first integral by inserting a mollifier wy, in order to regularize the density
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p*, which satisfies only a first-order equation and belongs only to a Lebesgue space.

B

im

= / B, (P * wy) div USZ)TZ dx + ep, where g, = 0ash — 0,

= /@ V(o s« wp) T dx—/ﬁz "k wp) ul) V2 dr + e

= Bllm + B£2)m tén,
where we used integration by parts.

As h — 0 and afterwards m — oo, the second term converges to
B "= = [ Gl vt ds
Q
mpe —/Bl-piu(i) -V7lde,
Q

and this integral will cancel with the term limy_, Bé;) below coming from the part
with BéQL

We analyze now the term Bﬁ)m more closely by inserting an auxiliary parameter
0 > 0, which will be sent to zero before m tends to infinity.

Bﬁ)m = /ﬁz ok w4 6) Uy ® - Vlog (p" % wp, +0) 7% dw
- /Bl'div[ 7w wn + 8) ull)] log (o7 x wi + 0) 7 d

/ﬁ, P % wp, 4 6) log (" * wp, + 6) ul) - V72 da
= B§1)1m + B§1)2m :
The second integral has the following convergence properties

By, " / By (P + 6)log (p" + 8) ull) - V* da
= / Gip log piull) - V¥ dx

= / Bipilog piu - V7* da,
Q

where p; log p; denotes the weak limit of pI" log pI" as m — oo.
Due to the choice of the localization function 7 we have as 7 — 1 by using a
Poincaré-type argument

/ ou? - Vridr — ou . i dS
Q o9
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for a test function ¢, and the limit vanishes due to the boundary conditions (3.8).

The term Bﬁ)lm gives the following two terms
BY = []BZ div [(p" * wy) ull)] log (p" * wy, + 0) 72 da
+4 /Q 3 divuld log (p" * wy, + 6) 72 dx
= Bﬁ)llm + Bﬁ)IQm .

The second integral vanishes as § — 0:

B, "= 5/932 div ul) log (p" 4 8) 7% da

6—0
H

0.

The term Bﬁ)um is treated with the aid of a lemma by DiPerna and Lions ([DL89]).
We want to pass to the limit as A — 0 in this term and make use of the fact that

div (p;”u%)) = 0 weakly.

Due to the assumptions p* € LP(Q),p > 3, vul) e L?(2; R3*3) we can conclude by
the DiPerna-Lions Lemma that

m

72 (div [(p)" * wy,) u,m — div [wy, * (p’i”u(i))}) — 0 weakly in L2 ash — 0.

Thus,
Bﬁ)nm = /QBZ div [(P;n * W) USZ)] log (p" * wp, + 6) ?dr —0ash—0

since div <pf“u£fl)> = 0 due to the assumptions of the theorem. We have used that

log(pl" * wp, +0) € L1(Q) for all ¢,1 < g < 0.

Now we have to analyze the term BS,L
As m — oo, the integral converges to

Béﬁl A / B; divu® p;r? di .
Q

This term is treated like B% by regularizing the limit density p; by convoluting
with a mollifier wy,:

lim Bézn)1 = —/ B; (pi * wp) div w72 de + &, with e, > 0 as h — 0.
Q

m—00
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The same manipulations as for the term B’ (i) m give

hm B(Z /ﬁz V (pi * wp) 72 d:z:—l—/ﬁl (pi % wp) u' - V72 dx + ey,
= Bézl —|—B(Z) —|—€h,

where limy,_,g B(z) cancels with lim,,, . lim;,_.q Biz) as mentioned above:
m—o0 h—0

}llir% Bé? = / Bipiu® - V2 dr = — lim lim B%Q)m .
- Q

The term Béil) can be treated exactly like Bﬁ)m above since the limit functions (p, u)
satisfy the continuity equation as well as stated in (3.10).

This time, we have to consider only the limit processes with respect to the parameters
h and 6. We obtain with a paramter § > 0

By = / Bi (p; % wp + 6) u® - Vlog (pi % wp, + 6) 72 da
Q
= — / 3, div [(pz * wp +0) u(i)} log (p; * wy, + 6) T2 dx
Q

— / B; (pi x wp, + 0) log (pi * wp, + 9) u? V2 de
Q

= By + Bih.

where
By, "= /Q Bi (pi + 6) log (pi + 8) u® - V72 dx
= _ /Q Bipilog piu® - V72 dx
and due to

/gpu(i) -Vridr — ou? . 7dS asT — 1
o9

=0.

for a test function ¢, the term Béil)g finally vanishes in the limit since u® 20
Bé?l is split like Bﬁ)lm into two parts from which the one with § converges to zero as
0 tends to zero and the other one is treated like Blllllm with the aid of the DiPerna—
Lions Lemma using that div (pZ D) = 0,i = 1,2, weakly, according to (3.10), t
show that the term vanishes as h tends to zero.

To summarize, the terms with div ull) in (3.15) converge to zero as m tends to oo
and 7 tends to 1.
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The terms with f,, and I,,,, which are lower-order terms, vanish as well as m — oo,
and we obtain finally

AP A A7 (7 = 7))
= /Q (AoP(p™)), (P — pi) 7> dz + 0(1) — 0 as m — oo and 7 — 1.

With the monotonicity of the pressure (3.5) we can deduce from this idendity that
pi" — p; almost everywhere.
Since we have imposed that ||pI"||L» < K uniformly, we can also conclude that
pit — p; strongly in L" |1 <r <p,
and we can pass to the limit also in the nonlinear pressure term P;(p™), and it holds
Fi(p) = Fi(p) .

such that (p,u) is a solution of the equations (3.1)—(3.3), (3.8). 0

As mentioned above, the condition p* € LP(2), p > 3, corresponds to the case that
v > 2.

In the one-component case it is known (cf. [NN02], [NS04, p. 192]) that not only
p € L7(Q), but that even better integrability properties for the density can be
obtained, namely

3v—3 if3<~<3
s(y) . Y 2 Y > 9,
p € L*7(Q), where s(v) —{ 2 >3,

Thus, if v > 2, we can conclude that p € LP(Q) for a p > 3.
Similarly, we can prove an a priori estimate for the densities in the case of mixtures.

In addition to (3.5) and (3.6), we have to impose the following condition on the
pressure law P;(p): There exists a constant C; > 0 such that for p = (p1, p2)7

2

SR = Cilpl — K . (3.16)

i=1

Then we can derive the following
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A priori estimate

Let Q be a Lipschitz domain. Let (p,u) be a solution to the system (3.1)-(3.3), (3.8)
as in Theorem 3.1 with the pressure fulfilling in addition condition (3.16). If for
i=1,2u® € H (R and p; € LV(Q) with v > 2, then p; € LP(QQ) for a p > 3.

Proof:
To see this, we consider the momentum equation (3.2), which we write formally in
the following way

D(Pi(p)) = D(pi|u'?)?) + D(2) + lower-order terms,
where D symbolizes various first-order derivatives and z is an L?-function.

By a duality argument (Necas’ lemma, cf. [MNRR96, Theorem 1.14] and [Ne¢66,
Théoreme 1]) we can conclude that for a suitably chosen ¢ < 2

/ pI7 do < / Pl de +
Q (9]

where we used condition (3.16).

It turns out that the optimal choice for ¢ is ¢ = %+5 for a ¢ > 0. (In fact, we have to
apply Theorem 1.14 from [MNRRY6] twice. Since we only know that P;(p) € L'(£2)
at the beginning, we obtain the above inequality first for ¢ = % — 0. Then we can
use the improved LP-inclusion for P;(p) to choose a higher q.)

We obtain by applying Holder’s inequality and using the H}-estimate for u

/ Pl de < / P30l de + K
Q Q

3—26

< K(/ |p|<3+6>3_%5dx) " LK.
Q

The exponent of p in the integral on the right-hand side equals

3420
— = ., & >0.
3 Y 3+0, >

The exponent of p in the integral on the left-hand side is greater than 3 + § since
we have chosen 7 > 2. Thus, the integral from the right-hand side can be absorbed
on the left-hand side because it has the smaller exponent 3%625 < 1. Finally, we have

estimated
[ ar<xc
Q

which means in particular that p; € LP(2) for a p > 3 because v > 2. 0

Remark: In the evolutionary case it is not possible to extend the techniques for
proving the compactness of solutions of the Navier—Stokes equations for compressible
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flow to the mixture model.

In the one-component case there appears a term coming from the time derivative of
pu and from the convective term, which has a certain commutator structure. Thanks
to this structure the convergence of this quantity can be obtained.

In the case of miztures, however, this technique does not work. In addition to terms
of the form

(ui)); (o1 (u)) Riele] = PP Rt (u)),])

(analogously with 1 replaced by 2), which can be treated like in the one-componet
case using the div-curl lemma, there appear terms like e.g.

(i), (5" (ui?), Rarlo] = o5 Rnlpt? (uy)),]) -

Here, we use the notation from [Fei01] with R, = “0;A7'0x” and summation con-
vention (summing over j, k from 1 to 3.)

The additional terms involving both p7* and p5* do no longer have the commutator
structure. Thus, the convergence of these quantities as m — oo cannot be ensured.
Therefore, up to now no compactness result is available in the unsteady case.

Remark: In our proof we need the assumption that the pi* are bounded in LP(QY) for
a rather high p. In the one-component case this assumption was relaxed by Feireisl by
introducing cut-off functions [-]r, (cf. [Fei01]). However, his technique can up to now
not be applied to the case of miztures because we cannot conclude from the relation

tim [ (AP(™), (167, ~ o) 7 do = 0

m—00 Q

the strong convergence of the densities.



Chapter 4

LP-Estimates for the steady
mixture model

In this chapter we present a new method of obtaining estimates for the densities p;
and the terms p;|u|? for the steady mixture model including the convective terms.
The results proved in this chapter are only regularity, but not existence results.

The method of proof was developed in [FGS04] for the one-component case for
stationary flows. As mentioned in the introduction, the existence of weak solutions
in the steady case of the Navier—-Stokes equations for compressible isentropic flow

div(pu) = 0,
—pAu— A+ p)Vdivu+pu-Vu = —aVp ' +pf+g

is only known for
3. 5.
7> if curl f =0 and vy > 3 if curl f # 0 (cf. [NNO2]).

Since air has the adiabatic constant v = %, which is smaller than %, one is interested
in obtaining the existence of solutions for smaller exponents ~.

In [FGS04] the authors present a new technique for estimating the density and
the term p|u|?, which works for v > %. Thus, the physically important case of air
is included. The estimates, in particular estimates for the term p|u|? in the space
L1*9(Q), are important to apply the technique introduced by Feireisl ([Fei01]), which
yields the compactness of the densities.

In this chapter of the thesis at hand, we adopt the techniques to the case of mixtures
and present similar estimates for the system of equations:

61
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Fori:=1,2
div (piu(i)) = 0, (4.1)
2
> Luu® 4 div (o @ u) = =V P(p) + pif © + 17, (4.2)
k=1
pi >0, /,oidle (4.3)
Q

in a bounded domain  C R3.
The operators L;; are given by

Ly, = —pir A — (i, + pir) V div
and fulfill the ellipticity condition
2
Z / Liu™ -4 dy > co/ \Vu|? de
ik=179 Q
for a constant ¢y > 0.

The interaction terms are as usual of the form

1D = (-1)"a (u® —u®) Ja>0.

We are interested in the case where the pressure P(p) behaves like |p|7.

We assume that for a v > 1 P(p) = (Py(p), Px(p))" fulfills the following growth
condition: there is K; > 0 such that for all p = (py, p2)T and p = (p1, po)7

[P(p) = P(p)] < K (|o]"™" +16"7") |p— 4. (4.4)

Moreover, we have to impose that for i = 1,2

Pi(p) > Cipl, Ci>0. (4.5)

Remark: We could also assume condition (4.5) with different exponents ~; for i =
1,2, which should fulfill the same bounds which we impose for v below.

Here, we deal with the case that % < v < 5 as estimates are concerned. We have
to emphasize that we prove some regularity for solutions of the equations (4.1)-
(4.3) under the assumption that we have solutions which fulfill certain estimates.
However, in the general case of the system (4.1)—(4.3) it is not clear how to obtain
such solutions.
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No boundary conditions are imposed since we present only local estimates.

For simplicity, we assume that

fO e L®(Q:R?).
We prove the following two theorems.

Theorem 4.1 Assume that f) € L. Let 2 < v < 5. Let P;(p) fulfill the conditions
(4.4) and (4.5). Let (p,u),p = (p1,p2)",u = (w7 u@T be a solution of the
momentum equation (4.2) with v € HY(Q;R3), p; € L) (Q),p; > 0,pi|u?|? €
LE(Q). Then

loc
62

542y
The L} .-estimate for p; is uniform on compact subdomains with respect to ||ul g1,
lllcy. and lpalu® 2]

loc

pi € L (Q) with q =

loc

Theorem 4.2 The same assertion as in Theorem 4.1 holds with the additional
statement that the L} -estimate of p; is uniform with respect to ||u||m, ||pill>  and

‘ loc loc
il Pl -

loc

In the one-component case, it is known that (cf. [NN02], [NS04])

3(y—1), 2<4<3
s(v) — y 9 )
p € L*7(Q), where s(v) { o v >3,
Since 62 .
Y
>3(y—1) f < =

the estimates presented in [FGS04] are an improvement of known estimates for
5 5
1<7=3
4 3

We think that it will turn out useful to apply our technique of estimating also in
the case of mixtures.

The proof of the theorems is organized as follows:

In Proposition 4.1 and 4.2 we prove local weighted estimates for P;(p) and p;|u® 2.
In fact, we obtain estimates for P;(p) in L} () with the weight |z — zo|™" and,
moreover, for P;(p) and p;|u?|? in L. _(Q) with the weight |z — x| 7' for a small
e > 0. We do not need the assumption p;|u®|?> € L.T°(Q) for these estimates, an

L; -inclusion is sufficient.
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These estimates are then used to estimate locally p]|u®|. Under the assumption
pi|u@|? € L2(Q) (as in Theorem 4.1), we prove in Proposition 4.3 that P;(p)|ul®| €
L} .(9) and thus p]|u®| € LL.(Q).

loc loc

1

loe(£2) under the assumption

In Proposition 4.4 we derive the estimate p]|u¥| € L
pilu®|? € L} () only (as in Theorem 4.2).

The key idea in this approach is to manipulate the convective term in a way that
we can use a higher LP-integrability of the term VA™!(p;|u®|?), which follows from
the weighted estimate for p;|u”|? (Proposition 4.2).

With the help of the local estimate for p]|u®| we can then conclude by Holder’s
) . Gy

inequality a better integrability for p;|u®|?, namely p;|ul? > € L7 ().

Via the momentum equation the estimate claimed for p; in Theorem 4.1 and 4.2

then follows.

4.1 Local weighted estimates for P;(p) and pi\u<i)|2

In this section we prove weighted estimates for the pressure P;(p) and the terms
pilu® |2, which are the first steps needed for our approach.

Proposition 4.1 Let (p,u), p = (p1,p2)",u = (uMT,u®T | be a solution of the
equation (4.2) with u® € H'(;R3), Pi(p) € Li, () and pi|lu®|? € L. .(Q). Then
the following estimate holds in Qg CC €2

/ B0 r < i (4.6)

|z — ¢

for arbitrary xy € Q. The estimate is uniform with respect to ||ul g1, ||pi|u(i)|2||Lll ,
1P (P) Iy,

loc

Proof:

Testing in (4.2) by é:ingQ where 7 € D() is a localization function in  leads to
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forti=1,2

2
Z ,um/Vu : ( — %o )7‘ dx+,uzk/Vu T 0 V72 dr
- |z — x| \:c—x0|

_'_()\zk + /~sz‘> / divu (k) T2 dx + (>\zk + /Mk‘) / div u(k) S . V7-2 dSC}
Q

|z — 2o Q |z — o
3 - (z — 4 o)
YD PN (a1 BV e
@ j1=1 |:1:—:c0| I=1 x\
Jt= Js
2
:/Pi(p) TQd.T—i-/P( )3j -Vrdx
Q @ — Q |$—%|
+/p¢f” b dx+/1<'>. L7002 gy (4.7)
Q @ — Q @ —

The term ﬁVT has to be understood as a 3 x 3 matrix (dyadic product).

The sum Ez , over the four terms is bounded because u® € HY(Q;R?),i =

1,2,V < - :”0‘) € L*(Q;R**?) in three dimensions.

The last term on the left-hand side is bounded as well because of the assumption
Pi |u |2 € Lloc(Q)

The same holds for the terms including f® and I®) because f@ € L*(Q;R3) and
the interaction terms are of the form I® = (—1)"'a(u® — u") and we have due
to the assumptions ¥ € LS(Q;R3),i = 1,2.

We consider the last but one term on the left-hand side in (4.7):

T —120);\ o
[ St ()

7,l=1
; 2
/ Z|u(2 / pl ('LL(Z) . (Jj — 3’30)) 7-2 dx
|$—$o| Q |z — w0

Therewith, we obtain ﬁnally from (4.7)

P
2 / i(p) ?dr < K- / -V12rdr
o |7 — ol \x—%\

< K+5/ 2d:c—|—K/ (p)|lz — x| VT|* da .
|:1:—:c0|

The first integral can be absorbed on the left-hand side, the second one is bounded
because of the assumption that P;(p) € L}, .(2). Thus, we obtain

/iipTQd:ch,
o v — x|
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which was claimed in the proposition.

Proposition 4.2 Let (p,u),p = (p1, p2)",u = (w7, u® )T be a solution to the
equation (4.2) with u® € Hl(Q;R?’),P(p) € L} () and p;|u?|> € LL (). Then
the following estimates hold in Qg CC 2 for e > 0 small and xy € Qo arbitrary:

/de < K
0 | ’

x — xo|t—e

1oy (]2
6/ de < K.
Qo [T — 20|12

The estimate is uniform with respect to ||ul| s, || pi|u®|? s S P() ey -
Proof:
This time we test in (4.2) by P 72 dx and obtain for i = 1,2
Pi(p T —120);\ o
2 d ; ‘ — d
( +€)/|x—:p0|1ET x+/j;pul ; (|x—x0|)T T
2 r—x r—z
= Z{Mzk/ Vu® V( (i ) 72 d:C—l—,LLm/Vu(k) ?
— Q |z — x| 72 Q |z — x| 72
2
—i—()\zk—l-uzk)/dlvu(k) +€1_ 2 dx
Q |z — x|~
r—x
+(/\m+,um)/d1vu(k) ?_E V12 dx}
Q |z — o]
P; Vridr — i d
e R R AT e
, x T — xo)
B OO Nl B iy 0 (T=0)i g 2,
/Q |z — 0|12 /Zp U; |z — 0|12 T ax.
7,l=1
Here, To— |1 _V7? is as above a 3 x 3 matrix.

(4.8)

(4.9)

(4.10)

The sum 22:1 over the four terms is bounded due to u® € H'(Q;R?),i = 1,2, and
the integrability properties of the functions 7 and |$f;0$|?,5 in three dimensions.

The next term can be estimated as follows

—72de + K | Pi(p)|z — x| VT|* dz,
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where the first integral can be absorbed on the left-hand side and the last one is
bounded due to P;(p) € L,.(9).

The terms including f® and I® are bounded as well.

We consider now the second term on the left-hand side of (4.10):

]l 1
NORON® 1 ] (& —20) \ 2,
/jlzlpz U, <lj|l‘—:L‘0|1 c +(5 )(m xO)]|ZL‘—l‘0|3 e r
()2 (u (= z))?
:/7pl|u |1 7'2dx+(z—:—1)/p( ( 3 0)) % dx
N Et T 0 |z — zo[>~¢

> e pilu®|?
— Jalz —@ol'e
Here, ¢;; is the Kronecker symbol; it is one for [ = 5 and zero otherwise.

After these considerations we can estimate the last term on the right-hand side of
(4.10) as follows:

/ZpZ ji‘gl@ﬂ' dx

7,l=1

<5/ 1 -7 dx+K/pi|u(i)|2|:p—x0|1+€|V7'|2dx.
|$—$0| B Q

Here, we can absorb the first term on the left-hand side of (4.10), choosing for
instance & = £. The last integral is bounded due to the assumption p;|u®[* € L] ().

Thus, we obtain finally from (4.10)

P - () ]2
(2+€—5)/¢7‘2d1‘+(6—5) M#dwﬁf(,
Q| — xo

= o o — a0l

which is nothing else than what was claimed in the proposition. 0
From this estimate we can derive the following

Corollary 4.1 The solution of the problem
—Aw® = plu?P inQ,
w® = 0 on 0S)
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belongs to LT () for all p with 1 < p < oc.

loc

Moreover, if p;|u®|?> € L, 15(Q), then Vw® € LE#(Q;R3).

loc loc

Proof:

The first statement is a consequence of the weighted estimate fQo | £ g‘;jé'fl'i dr < K.

We present an elemantary proof of this consequence. More general, we prove for a
domain €2 C R, n > 3, the following assertion:

Let [, % dr < K. Then the solution w® of the problem

—Aw? = plu??  inQ, (4.11)
w? = 0 on 02 (4.12)

belongs to the space LP(£2) for all p with 1 < p < oc.

. w® 1
We test the equation (4.11) by it a7
b

Y w® 1

3/ 14+ w®]s (Jo=zo[+h)n=27¢

h — 0, but this is only a technical procedure.)

(More precisely, we have to test

with some positive h and then perform the limit process as

Due to the weighted estimate for p;|u(?|?, the right-hand side in what we get, namely,

/ | (z‘)|2 w® 1 d
iU ; &€,
Qp s 1+|w(1)|8|$—1‘0|"_2_5

is bounded.
/
Using ( . 1+|§|S) = 7(1+\§|s)1i5 , we estimate

)2 |
/( Ve ! dx+/VF(w(Z))V (é) dr < K |
Q Q

1+ |w(z)|s) p’ |ZL‘ — [L‘0|n727€ |l‘ — ZL‘Q|"727€

where F is a primitive function of —=-—, which obviously has linear growth.
p m y g

The second integral in this inequality, which is after integration by parts
— [ F(w")A—-1—— dz, is nonnegative so that we can neglect it. Using the fact

|$_x0‘n7276
1+s

that (1+&%) s ~ ¢(1+&)*™! we obtain

|Vw® |2 1
- de < K.
/ (L+ [w® ) [z — 2=z 0
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loc

Rewriting the first term in this integral gives

c/ ’V|w(i)\17
Q

This estimate, which is the limit case in the theory of Morrey spaces, gives

1

|$ _ x0|n—2—e

de < K.

\w(i)|% € LP(Q)) Vpwith1<p< 0.
This proves the first statement of the corollary.

The second statement can be proven by using interpolation and the identity

/|Vw(i)|2d:c: —/w(i)Aw(i) dx .
Q Q

4.2 A local estimate for p]|u")| under the assump-
tion that p;|u'’|? € L °(Q)

In addition to the usual assumptions we impose in this chapter that pilu?|? €
L}T2(Q). If we have this information, the proof of the estimate p)|u®®| € L. .(Q) is

loc
easier. In the next section, we present the proof under the assumption that p;|u?|? €

L; () only.

loc

Proposition 4.3 Let (p,u),p = (p1,p2)",u = (w7, u® T be a solution to the
equation (4.2) with u® € Hl(Q R3), Pi(p) € L. (Q) and p|u?|? € L(Q). Then
the following estimate holds in g CC €

| P de < 1
Qo

Here, K depends on {9 and ||ulsr, [ pilu® 2| s, il 17,

Proof:
Consider the following auxiliary problem
—AZD = |u| in 2,
A0 =0 on 0f2.

Since u®® € LS(; R3), the second derivatives of () are in LS. Thus, the first deriva-
tives are in L. The third derivatives belong to L?.
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We use in (4.2) the test function 7Vz®, where 7 is a smooth localization function,
and obtain for i = 1,2

2

Z {ulk/ Vu® V201 do + ,Uik/ Vu®) : VOV 7 dx
Q Q

k=1

+(Nig + fix) / divu® Az de + (N + par) / divu®Vvz0 . vr dx}
Q Q

/ Z p,ul 81 70,2 ) do = / Pi(p)|[u? |1 dx

7,l=1
- / Pi(p)V2Y - Vrds + / pif® - V207 dr + / 19.v: 97 dx
Q Q Q

whereby the expression V2 V7 in the second term has to be understood as a 3 x 3
matrix.

Using the LP- 1nclu310ns of the function 2 and its derivatives as well as those of
@, fO and I® we can estimate

/Q i (P )|u(Z lTde < K+ Zplul u 7'8182 dx+/ﬂzplul g-i)@lT@jZ(i) dx

€ ji=1 jl=1
< K +/ Z piul(i)ug-i)Tﬁlajz(i) dr due to p;|u”)? € LI(Q),
Q=1
(LL () would be sufficient because the first derivatives of 2
are bounded, as well as V7.)

/QZVA p,ul j) V(@laz )de

J,l=1

/QZVA (p,ul ji> VT@laz

J1=1

Here, we understand the operator A~! as solving the Laplace equation in Q with
zero boundary values.

We consider now the (more difficult) first term (the second term is less complicated):

3
> VA~ ()

J,l=1

<K

/ Z VA~ pzul u; ) -V (818jz(i)) Tdx
Q

J,l=1

L2

because V320 e L% e L™~
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loc

The Morrey estimates which we have obtained in the preceding section serve us here
by ensuring better properties of the terms VA~ (p;[u|?) (even though not for the
quantities p;|u”|? themselves).

We use now integration by parts

([ - (foes)
(o)

1 1
< [[Aw||fpllw]]? -
L r
to estimate the L?-norm further for j,l = 1,2,3

) (i YOS i) (i
|va= (pi™?) |, < Kl 12005187 (o)) |

1
2
146 -+
Lo

Since p;|u®|? € L°(2), the first norm is bounded.

loc

According to Corollary 4.1 it holds that A= (p;|u?|?) € L (Q) for all p,1 < p < oo.
Due to the monotonicity of A~! we have that |A*1(piul(l)u§2))| < A7 (pi[u@?).

Therefore, the norm ||A*1(piul(i)u§»i)) 115 is bounded as well for j, 1 = 1,2, 3.

I,

Thus, we have proved under the additional assumption p;|u”|? € L-(Q) that

loc

/ P(p)|u?|rdr < K .
0

With the help of condition (4.5) for the pressure, from this estimate follows that
ATl € LL ().

loc
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4.3 A local estimate for p]|u")| under the assump-
tion that p;|ul’|> € L} () only

In the preceding section, we imposed an estimate for the term p;|u®[? in L} 7°(9Q).
In the classical case for one-component compressible fluids, such an estimate is not
available for small . In the case v = %, however, one has an estimate for p|u|? in
L'. Therefore, we would like to show that we can achieve an estimate for p7|ut|

even under only the premise that p;|u®|? € L} ().

We prove the following

Proposition 4.4 Let (p,u) be a solution of the equation (4.2) withu® € HY(;R3), p; €
L () and p;|u®|?> € L} (Q). Then the following estimate holds in Qy CC Q:

loc
| e < &
Qo

lpilu® Iy,

loc

with K depending on O ||ul| 1, ||pill o

loc’

Proof:
We will qualitatively use the L'*°-norm of p;|u’
quantity is bounded in L! locally.

)12, but we will only need that the

The first part of the proof is the same as in the proof of Proposition 4.3.

We obtain

Z VA~ (plul gl ) .V (@@-z(”) Tdx

Q=1

/ (D)) rde < K+
Q

/ Z VA~ (p,ul gl ) V79,0;2" da (4.13)
@ ji=1
and investigate (since more difficult) the first integral in (4.13):
/ Z VA~ pzul y ) -V (616jz(i Jrdz| < K Z VA~ (plul 2 5»2))
=1 7,0=1 2

due to V320 ¢ 2.
Further, for 7,/ from 1 to 3

o (o), < K O s A7 P s
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where we have used the monotonicity of A~! in the last term. This norm is bounded
as A7 (p;|u?|?) € LY for all p,1 < p < oo, according to Corollary 4.1.

The second integral in (4.13) is even easier to treat. Thus, we obtain from (4.13) by
using condition (4.5) for the pressure law

/ a7 de < K ||pilu® 2], + K (4.14)
Q

We analyze the L'*9-norm further:

L 1
. 2(1+9) ‘ ' 146 T
(/ (pi\u(z)‘2)1+5 daz) _ </ (pi|u(z)|%\u(l)|2_%> d:c)
Q Q
o\ 7 ) (-1 . \F
< </ p;f‘u(l)‘ dSC) </ |u(2)|(2—;)(1+6)m da:) _
Q Q

If the exponent of |1 in the second integral fulfills

1 v ) 5+ 50
2——](1 — < e v> ——
( 7)(+5)7_1_5_6,1e’y_4_25,

5

which is the case for v > 7 as imposed, the integral is bounded due to u €
HY(Q;R3).
Here is the reason why we have to impose the restriction on ~.

The first integral can then be absorbed on the left-hand side of (4.14) due to the
smaller exponent, and we obtain the estimate

/p;’|u(i)\rd:c <K.
0

4.4 Proof of Theorem 4.1 and 4.2

The proof of Theorem 4.1 and 4.2 follows from Proposition 4.3 or Proposition 4.4,
respectively, simply by using Holder’s inequality.

Consider the term

piluP = pi 7 [u O

According to Proposition 4.3 or 4.4, respectively, we know that pi|u(i)|% e L) .(Q).
6
Moreover, |u(i)|2_% € L* 7 (Q) since we imposed that v € H'(Q;R?). From these

two inclusions we obtain by Holder’s inequality

. _6y
ol [P € L ().

loc
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The estimate for p; then follows from the momentum equation (4.2):

We write equation (4.2) in a symbolized form to underline the idea of the proof:

Z D(Vu'®) + D(ps|u™|*) = D(P;(p)) + lower-order terms, (4.15)
K

where D denotes various first-order derivatives.

We have just shown that the term p;|u®|? € L%(Q) locally. According to the
classical LP-theory (cf. [MNRR96, Theorem 1.14], [Nec66)), it follows from equation

_6y 642
(4.15) that Pi(p) € L2 (), ie. p; € L (), as long as % < 2, which is the
case for vy <'5.

Thus, the proof of Theorem 4.1 and 4.2 has been completed.



Chapter 5

An exponential estimate for the
Stokes-like system for mixtures

In this chapter we present a method which delivers even more regularity for the
solutions of the Stokes-like problem than proved in Chapter 2, Section 2. Like in the
previous chapter on LP-estimates for the steady mixture model, the results presented
here are only regularity, but not existence results.

As in Chapter 2, we consider the Stokes problem

div(piu(i)) = 0, (5.1)
2
> Luu® = —VP(p)+pif ) + 10, (5:2)
k=1

pi >0,i=1,2, in a bounded domain Q C R?. The operators L;; are given by
Lix = —prar A — (Nir, + par) V div

and are assumed to fulfill the following ellipticity condition for a constant cq > 0

2
Z/Lmu“@ ' dy > co/ \Vul? dz . (5.3)
ik=1" % Q

Furthermore, the equations (5.1)—(5.2) are complemented by

/Qpi dr =1. (5.4)

We impose no-slip boundary conditions for the velocity fields:

u®|,,=0. (5.5)
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In contrast to Chapter 2, we deal with a pressure law which is nonlinear and behaves
like |p|” for a v > 2. We assume that for a v > 2 the pressure P(p) = (Pi(p), P2(p))”
fulfills the following growth condition: there is K; > 0 such that for all p = (p1, p2)7

and p = (p1, p2)"
|P(p) — P(p)| < K1 ([ +167") lp— 9l (5.6)

Moreover, the pressure law is assumed to fulfill the coerciveness condition

Pi(p)
"opst) A > Colp|"™ — K 5.7
o) Ao () = il 57
for all pi, p2 > 0 and for m > 1 as in Chapter 2, Section 2, where we proved some
regularity results for the Stokes-like system. We obtained that p; € L? () and
Vu® e L (Q;R*3) for all p with 1 < p < co. As was remarked in Chapter 2.2,
the regularity proof works not only for a linear pressure but also for other pressure

laws behaving like |p|” as long as a coerciveness condition like (5.7) is satisfied.

Now, we want to obtain the following local estimate:

e L (). (5.8)

loc

In the quasi-stationary case

(pi)e + div (pul?) = 0,
2
S L = TR 0 10
k=1

which is considered by Frehse and Weigant in [FW04], the authors are able to obtain
an L>-estimate for the densities. In fact, they even prove the Lipschitz-continuity of
the density functions. With the help of the L*>-estimate for p; they can also estimate
the gradient of the densities.

It would be very interesting and is still open to prove an L>°-estimate for the densities
also for the Stokes-like system. The exponential estimate which we derive in this
chapter has to be seen as a step in this direction.

We prove the following

Theorem 5.1 Let (p,u), p = (p1,p2)",u = (uMT u@TT be a solution to (5.1)-
(5.2), (5.4), (5.5) with the pressure P fulfilling the conditions (5.6) and (5.7) with
pi € LY(Q),u® € HYR?), i = 1,2. Then the following estimate holds:

e L (). (5.9)
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Proof:
To prove Theorem 5.1, we use again the equation for the effective viscous flux.

We have for i = 1,2 as derived in Chapter 2, Section 2 the following equation:
/ B divu A (1,90) dw = / (AoP(p)); A (1) da
Q Q
—/ (AgdivA™(pf + ]))Z A (Tm@/)(i)) dx . (5.10)
Q

This time, we solve
. Y
AP = p2Tr, (5.11)

in R?, where the functions under consideration are extended by zero outside the
domain ).

The extended functions p;,u™ solve the continuity equation (5.1) in D’(R3), cf.
[INN02, Lemma 2.1].

The localization function 7, is chosen in such a way that 7, = 1 in the ball B
and 7,, = 0 outside of B, ., where for every m € N

m 1

D e — 1
o 1

> o o — 1

Tm+1

Tm
Tm = 2 —

with 0 > 0 small.

With this definition we have r; = 2 and in the limit r,,, — 1 as m — oo. The domain
2 is chosen in such a way that By C Q and B; CC © (we can use an appropriate
scaling and translation).

The gradient of 7, can be estimated by

_ (i#—l) (m 4 1)'+°

j=1

1

V7 < |[——
T'm — 'm+41

< K(m+1)'°.

We will use the regularity properties for p; and Vu®, which we have proved in
Chapter 2.2 of this thesis:

pi € L7 () forall 1 <p < oo,

Vu® € P (Q;R¥3) forall 1 < p < oo.

In particular, we will use that « € L*(€;R?), which follows from the embedding
theorems.
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With the above choice of ¢ in equation (5.10) we obtain

[ AP, 87 da

Q

:/BZ div u® i%mrfn—i—Q/ﬁAi divu®?Vvr,, - VA~ (pi%me) dx
Q Q

+/BZ divu® A7, A7 <pi%m7'm> d:p—2/ (AoP(p)); VT - VA™ ( %me) dx
Q Q

- / (AoP(p)), AT A~ (p,%me) dz
Q

+/ (Aodiv A~ (pf + 1)), A( A~ <pl rm>> dz . (5.12)
Q

The term on the left-hand side of (5.12) is what we want to estimate (using the
coerciveness condition); we consider now the integrals on the right-hand side:
The first integral gives with the aid of integration by parts

/ﬁzleU Z% 72 dx

:——m/ﬁz VplpZ B 7' d:p—/ﬁ, pi%md:p
= — / ﬁipiu(i) . Vpi%m_leﬂ dx — / ﬁl -V7ip " dx
§m —1 Q QO
Im A dm s A
= 2 / ﬁipg u® - V72 dr — / B -2 p2™ dx
§m —1 QO QO
1

— / Bipi%mu(i) . VT,?L dx
Q

Yoy —
2ml

using (5.1). This integral is estimated as follows using u® € L*>(€2;R?) and the
properties of V7,,:

1 o
- /@pig u - V72 do
§m —1 Q

The next integral in (5.12) gives

<

(m—l—l)H‘S/ pl-%mdx.
B

™m

Yoy —
le

/BZ divuVr,, - VA™! (pi%me> dx
Q

. Im
< I9u g, m+ DIVAT (027 50) 3o,

m) . ”1||L3+6”(BTm\B7"m+1)

for a large p and suitable &' > 0,6” > 0, using Holder’s inequality,

1 m
< (m+ 1)1+5 ((m + 1)1+5) 34" K/ ,01% dx
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W2

Im
<|lp?" TmllL1(B,,) and the measure of the annulus.
(;R3*3) for all 1 < p < oo.

using ||[VA™(p; me)”L%“V(BTm)
Here, we have also used that Vu® ¢ L?

loc

Moreover, we obtain from (5.12)

PT (i) _1 Im
G divul A1, AT (p2 T ) da
Q

i 2 _ Im
< K19l (07 17 (7 50) D W, 1,

<K ((m + 1)1+6)2 ((m + 1)1+5)7ﬁ / p?md:p
B

™m

for suitable ¢’ > 0,¢” > 0 and p large,

Im I 4
using [|A™ (Pf Tm) ||L3*5’(Brm) <o Tl (Bm)s ||VU(Z)||L§’OC < K and
meas (By,, \ Br,.,) = ((m+1)") .

The two integrals with P(p) are treated analogously using p; € Lj () for all 1 <

p < 00. The terms with f and I are lower-order terms and even simpler to treat.

Summing over i and using the coerciveness condition (5.7), we obtain from (5.12)

i
/ ‘p‘%(m+2) dr = / |p|“/+%m dr < K ((m + 1>1+5) 3+5/ |p|%m dx
B B B

Tm+41 Tm+41 ™m

for a & > 0. Dividing by (m + 2)! leads to

L
1 (m+2) 1)1+8)3+0 Im

/ B o g Um D) / Pz,

B (m + 2)! (m+2)(m+1) Jp  m!

Tm+1 m

For mg large enough the fraction

((mo + 1)1+6)§+5
(mo + 2)(mo + 1)

=:¢
is small, and for m > mq the quantity

((m+ 1)1+5) 310
(m+2)(m+1)

becomes even smaller.

Now, we sum over m from mg to oo and add also the rest of the series from 1 to

mp, and we get
- lp|2™ - lp|2™
; /B - dxgs; e (5.13)

Tm+1
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which gives the desired result:

for B, = Bj the ball with radius 1, which is assumed to lie within the domain €.

So, in particular, for v > 2, we have an estimate for el'™ in L ().



Bibliography

[ACT6]

[ASCRS93)

[Bog80]

[CASRS93)

[CLMS93]

[Dar56]

[Des97]

[DL8Y]

[Fei01]

[Fei04]

R.J. Atkin and R.E. Craine. Continuum theories of mixtures: ba-
sic theory and historical development. Quart. J. Mech. Appl. Math.,
29(2):209-244, 1976.

A. Al-Sharif, K. Chamniprasart, K.R. Rajagopal, and A.Z. Szeri. Lu-
brication with binary mixtures: Liquid-liquid emulsion. Journal of Tri-
bology, 115:46-55, 1993.

M. E. Bogovskii. Solutions of some problems of vector analysis, associ-
ated with the operators div and grad. In Theory of cubature formulas
and the application of functional analysis to problems of mathematical
physics, volume 1980 of Trudy Sem. S. L. Soboleva, No. 1, pages 540,
149. Akad. Nauk SSSR Sibirsk. Otdel. Inst. Mat., Novosibirsk, 1980.

K. Chamniprasart, A. Al-Sharif, K.R. Rajagopal, and A.Z. Szeri. Lu-
brication with bubbly oil. Journal of Tribology, 115:253-260, 1993.

R. Coifman, P.-L. Lions, Y. Meyer, and S. Semmes. Compensated com-
pactness and Hardy spaces. J. Math. Pures Appl., IX. Ser., 72(3):247—
286, 1993.

H. Darcy. Les Fontaines Publiques de La Ville de Dijon. Victor Dal-
mont, Paris, 1856.

B. Desjardins. Regularity results for two-dimensional flows of mul-
tiphase viscous fluids. Arch. Rational Mech. Anal., 137(2):135-158,
1997.

R.J. DiPerna and P.-L. Lions. Ordinary differential equations, transport
theory and Sobolev spaces. Invent. Math., 98(3):511-547, 1989.

E. Feireisl. On compactness of solutions to the compressible isentropic
Navier—Stokes equations when the density is not square integrable.
Comment. Math. Univ. Carolin., 42(1):83-98, 2001.

E. Feireisl. Dynamuics of viscous compressible flurds. Oxford University
Press, New York, 2004.

81



82

[FGMO02]

[FGMO04a]

[FGMO4b]

[FGS04]

[Fic55)
[FNPO1]

[FW04]

[Gal94]

[Hof95a]

[Hof95b]

[KPT78]

[Lio93a)

BIBLIOGRAPHY

J. Frehse, S. Goj, and J. Malek. A Stokes-like system for mixtures.
In M. Sh. Birman, S. Hildebrandt, V.A. Solonnikov, and N.N. Uralt-
seva, editors, Nonlinear Problems in Mathematical Physics and Related
Topics 11, International Mathematical Series, pages 119-136. Kluwer,
Dordrecht, Norwell, New York, London, 2002.

J. Frehse, S. Goj, and J. Mélek. Existence of solutions to a Stokes-like
system for mixtures. SIAM J. Math. Anal., accepted for publication,
2004.

J. Frehse, S. Goj, and J. Malek. A uniqueness result for a model for
mixtures in the absence of external forces and interaction momentum.
Appl. Math., accepted for publication, 2004.

J. Frehse, S. Goj, and M. Steinhauer. LP-estimates for the Navier—
Stokes equations for steady compressible flow. manuscripta mathemat-
ica, accepted for publication, 2004.

A. Fick. Uber Diffusion. Ann. d. Phys., 94:59-86, 1855.

E. Feireisl, A. Novotny, and H. Petzeltova. On the existence of globally
defined weak solutions to the Navier-Stokes equations. J. Math. Fluid
Mech., 3(4):358-392, 2001.

J. Frehse and W. Weigant. On quasi-stationary compressible miscible
mixtures. Manuscript, 2004.

G.P. Galdi. An introduction to the mathematical theory of the Navier—
Stokes equations. Vol. I: Linearized steady problems. Springer—Verlag,
New York, 1994.

D. Hoff. Global solutions of the Navier-Stokes equations for multidi-
mensional compressible flow with discontinuous initial data. J. Differ.
FEquations, 120(1):215-254, 1995.

D. Hoff. Strong convergence to global solutions for multidimensional
flows of compressible, viscous fluids with polytropic equations of state
and discontinuous initial data. Arch. Ration. Mech. Anal., 132(1):1-14,
1995.

A.V. Kazihov and A.N. Petrov. Well-posedness of the initial-boundary
value problem for a model system of equations of a multicompo-

nent mixture. Dinamika Sploshn. Sredy, (35 Dinamicheskie Zadachi
Mekhaniki Sploshnykh Sred):61-73, 174, 1978.

P.-L. Lions. Compacité des solutions des équations de Navier—Stokes
compressibles isentropiques. C. R. Acad. Sci. Paris Sér. I Math.,
317(1):115-120, 1993.



BIBLIOGRAPHY 83

[Lio93D)

[Lio96]

[Lio98]

[LL65]

[MNRRY6]

[Mur78]

[Mur79]

[Net66]

INN02J

[Nov96]

[Nov9s]

INP95]

[NPD97]

P.-L. Lions. Existence globale de solutions pour les équations de Navier—
Stokes compressibles isentropiques. C. R. Acad. Sci. Paris Sér. I Math.,
316(12):1335-1340, 1993.

P.-L. Lions. Mathematical topics in flurd mechanics. Vol. 1: Incom-
pressible Models. Oxford University Press, New York, 1996.

P.-L. Lions. Mathematical topics in fluid mechanics. Vol. 2: Compress-
ible models. Oxford University Press, New York, 1998.

J. Leray and J.-L. Lions. Quelques résultats de Visik sur les problemes
elliptiques nonlinéaires par les méthodes de Minty—Browder. Bull. Soc.
Math. France, 93:97-107, 1965.

J. Malek, J. Necas, M. Rokyta, and M. Ruzicka. Weak and measure-
valued solutions to evolutionary PDFEs, volume 13 of Applied Mathemat-
ics and Mathematical Computation. Chapman & Hall, London, 1996.

F. Murat. Compacité par compensation. Ann. Sc. Norm. Super. Pisa,

Cl. Sci., IV. Ser., 5:489-507, 1978.

F. Murat. Compacité par compensation II. Recent methods in non-
linear analysis, Proc. int. Meet., Rome 1978, pages 245-256, 1979.

J. Necas. Sur les normes équivalentes dans W;(Q) et sur la coercitivité
des formes formellement positives. In Séminaire Equations aux Dérivées
Partielles, pages 102-128. Les Presses de 'Université de Montréal,
Montréal, 1966.

S. Novo and A. Novotny. On the existence of weak solutions to the
steady compressible Navier-Stokes equations when the density is not
square integrable. J. Math. Kyoto Univ., 42(3):531-550, 2002.

A. Novotny. Some remarks to the compactness of steady compress-
ible isentropic Navier—Stokes equations via the decomposition method.
Comment. Math. Univ. Carolin., 37(2):305-342, 1996.

A. Novotny. Compactness of steady compressible isentropic Navier—
Stokes equations via the decomposition method (the whole 3-D space).
In Theory of the Navier-Stokes equations, pages 106-120. World Sci.
Publishing, River Edge, NJ, 1998.

A. Nouri and F. Poupaud. An existence theorem for the multifluid
Navier—Stokes problem. J. Differential Equations, 122(1):71-88, 1995.

A. Nouri, F. Poupaud, and Y. Demay. An existence theorem for the
multi-fluid Stokes problem. Quart. Appl. Math., 55(3):421-435, 1997.



84

INS04]

[Rajoc]

[Rajo0]

[RT95)

[Tar79]

[Trub7]

[Tru84]

[Vis61]

[Vis63]

[WASRS93|

[WSR93]

[Zho92]

[Z1095]

BIBLIOGRAPHY

A. Novotny and 1. Straskraba. Introduction to the Mathematical Theory
of Compressible Flow. Oxford University Press, New York, 2004.

K.R. Rajagopal. An introduction to mixture theory. In Mathemati-
cal theory in fluid mechanics (Paseky, 1995), pages 86-113. Longman,
Harlow, 1996.

K.R. Rajagopal. On the flow of mixtures between parallel plates. In Re-
cent Advances in the Mechanics of Structured Continua, M. Massoudi
and K.R. Rajagopal, eds., pages 125-137. ASME, 2000.

K.R. Rajagopal and L. Tao. Mechanics of miztures. World Scientific
Publishing Co. Inc., River Edge, NJ, 1995.

L. Tartar. Compensated compactness and applications to partial dif-
ferential equations. Nonlinear analysis and mechanics: Heriot-Watt
Symp., Vol. 4, Edinburgh 1979, Res. Notes Math. 39, pages 136-212,
1979.

C. Truesdell. Sulle basi della termomeccanica. I, II. Atti Accad. Naz.
Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8), 22:33-38, 158-166, 1957.

C.(ed.) Truesdell. Rational thermodynamics. With an appendiz by C.-
C. Wang. 2nd ed., corrected and enlarged. Springer—Verlag, New York,
1984.

M.I. Visik. Boundary-value problems for quasilinear strongly elliptic
systems of equations having divergence form. Dokl. Akad. Nauk SSSR,
138:518-521, 1961.

M.I. Visik. Quasi-linear strongly elliptic systems of differential equa-
tions of divergence form. Trudy Moskov. Mat. Obsc., 12:125-184, 1963.

S.H. Wang, A. Al-Sharif, K.R. Rajagopal, and A.Z. Szeri. Lubrication
with binary mixtures: Liquid-liquid emulsion in an EHL conjuction.
Journal of Tribology, 115:515-522, 1993.

S.H. Wang, A.Z. Szeri, and K.R. Rajagopal. Lubrication with emulsion
in cold rolling. Journal of Tribology, 115:523-531, 1993.

Y. Zhou. An LP? theorem for compensated compactness. Proc. R. Soc.
Edinb., Sect. A, 122(1-2):177-189, 1992.

A.A. Zlotnik. Uniform estimates and stabilization of the solutions of a
system of equations of the one-dimensional motion of a multicomponent
barotropic mixture. Mat. Zametki, 58(2):307-312, 1995.



